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THE SPACE-TIME MANIFOLD OF RELATIVITY. 

THE NON-EUCLIDEAN GEOMETRY OF MECHANICS 

AND ELECTROMAGNETICS. 

By Edwin B. Wilson and Gilbert N. Lewis. 

Introduction. 

1. The concept of space has different meanings to different persons 
according to their experience in abstract reasoning. On the one hand 
is the common space, which for the educated person has been formu- 
lated in the three dimensional geometry of Euclid. On the other 
hand the mathematician has become accustomed to extend the concept 
of space to any manifold of which the properties are completely de- 
termined, as in Euclidean geometry, by a system of self-consistent 
postulates. Most of these highly ingenious geometries cannot be 
expected to be of service in the discussion of physical phenomena. 

Until recently the physicist has found the three dimensional space 
of Euclid entirely adequate to his needs, and has therefore been in- 
clined to attribute to it a certain reality. It is, however, inconsistent 
with the philosophic spirit of our time to draw a sharp distinction 
between that which is real and that which is convenient, 1 and it would 
be dogmatic to assert that no discoveries of physics might render so 
convenient as to be almost imperative the modification or extension 
of our present system of geometry. Indeed it seemed to Minkowski 
that such a change was already necessitated by the facts which led 
to the formulation of the Principle of Relativity. 

2. The possibility of associating three dimensional space and one 
dimensional time to form a four dimensional manifold has doubtless 
occurred to many; but as long as space and time were assumed to be 
wholly independent, such a union seemed purely artificial. The idea 
of abandoning once for all this assumption of independence, although 
fore-shadowed in Lorentz's use of local time, was first clearly stated by 

1 See, for example, H. Poincar6, La Science et l'Hypothese. 
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Einstein. The theorems of the principle of relativity which correlate 
space and time appeared, however, far less bizarre and unnatural 
when Minkowski showed that they were merely theorems in a four 
dimensional geometry. 

Suppose that a student of ordinary space, habituated to the inter- 
pretation of geometry with the aid of a definite horizontal plane and 
Vertical axis, should suddenly discover that all the essential geometri- 
cal properties of interest to him could be expressed by reference to a 
new plane, inclined to the horizontal, and a new axis inclined to the 
vertical. Whereas formerly he had attributed special significance 
to heights on the one hand and to horizontal extension on the other, 
he would now recognize that these were purely conventional and that 
the fundamental properties were those such as distance and angle, 
which remain invariant in the change to a new system of reference. 

Let us now consider a four dimensional manifold formed by ad- 
joining to the familiar x, y, z axes of space a t axis of time. Any 
point in this manifold will represent a definite place at a definite time. 
Space then appears as a sort of cross section through this manifold, 
comprising all points of a given time. For convenience we may 
temporarily ignore one of the dimensions of space, say z, and discuss 
the three dimensional manifold of x, y, t. This means that we will 
consider only positions and motions in a plane. The locus in time of 
a particle which does not change its position in space, that is, of a 
particle at rest, will be a straight line parallel to the t axis. Uniform 
rectilinear motion of a particle will then be represented by a straight 
line inclined to the t axis. 

3. If we adopt the view that uniform motion is only relative, we 
may with equal right consider the second particle at rest and the first 
particle in motion. In this case the locus of the second particle must 
be taken as a new time axis. What corresponding change this will 
necessitate in our spacial system of reference will depend entirely 
upon the kind of geometry that we are led to adopt in order to make 
• the geometrical invariants of the transformation correspond to the 
fundamental physical invariants whose occurrence in mechanics and 
electromagnetics has led to the principle of relativity. 

It is immediately evident that if uniform motion is to be repre- 
sented by straight lines, the statement that all motion is relative shows 
that the transformation must be of such a character as to carry 
straight lines into straight lines. In other words, the transformation 
must be linear. Further we must assume that the origin of our space 
and time axes is entirely arbitrary. 
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The further characteristics of this transformation must be deter- 
mined by a study of the important physical invariants. Fundamental 
among these invariants is the velocity of light, which by the second 
postulate of the principle of relativity must be the same to all observ- 
ers. Hence any line in our four dimensional manifold which repre- 
sents motion with the velocity of light must bear the same relation 
to every set of reference axes. This is a condition which certainly 
cannot be fulfilled by any transformation of axes to which we are 
accustomed in real Euclidean space. It is indeed a condition sufficient 
to determine the properties of that non-Euclidean geometry which we 
are to investigate. 

Minkowski, in his two papers on relativity, 2 used two different 
methods. In his first and elaborate treatment of the subject he in- 
troduced the imaginary unit V — 1 in such a way that the lines which 
represent motion with the velocity of light become the imaginary 
invariant lines familiar to mathematicians who discuss the real and 
imaginary geometry of Euclidean space. In this way, however, the 
points of the manifold which represent a particle in position and time 
become imaginary; the transformations are imaginary; the whole 
method becomes chiefly analytical. In his second, a brief paper, 
Minkowski makes use of certain geometrical constructions which 
have their simplest interpretation only in a non-Euclidean geometry. 

4. It is the purpose of the present work to develop the four dimen- 
sional non-Euclidean geometry which is demanded by the principle 
of relativity, and to show that the laws of electromagnetics and 
mechanics not only can be simply interpreted in this way but also are 
for the most part mere theorems in this geometry. 

In the first sections we shall develop in some detail the non-Eucli- 
dean geometry in two dimensions. For it is only by a thorough 
comprehension of this simpler case that it is possible to proceed into 
the more difficult domains involving three and four dimensions. This 
part of the paper will be continued by a discussion of vectors and the 
vector notation that will be employed. At this point it is possible 
in a few simple cases to show the applications of the non-Euclidean 
geometry to problems in kinematics and mechanics. 

The sections devoted to three dimensions will be occupied largely 
with numerous analytical developments of the vector algebra, many of 
which are directly applicable not only in space of higher dimensions 

2 Gesammelte Abhandlungen von Hermann Minkowski, Vol. 2, pp. 352- 
404 and pp. 431-444. 
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but also in Euclidean space. We are led further to a consideration 
of certain vectors of singular character. The study of the singular 
plane leads to the brief consideration of another interesting and im- 
portant non-Euclidean plane geometry. 

Passing to the general case of four dimensions we shall meet further 
new types of vectors, and shall attempt even here to facilitate as far 
as is possible the visualization of the geometrical results. We shall 
continue further the analytical development, and in particular con- 
sider the properties of the differential operator quad. In this con- 
nection a very general and important equation for the transformation 
of integrals is obtained. The idea of the geometric vector field will 
then be introduced, and the properties of these fields will be taken up 
in detail. 

The subject of electromagnetics and mechanics is prefaced with a 
short discussion of the possibility of replacing conceptually continuous 
and discontinuous distributions by one another, and we shall point 
out that in one important case such a transformation is impossible. 
The science of electromagnetics is treated both from the point of view 
of the point charge and from that of the continuous distribution. 
In both cases it is shown that the field of potential and the field of 
force are merely the geometrical fields previously mentioned, except 
for a constant multiplier. Particular attention is given to the field 
of an accelerated electron, 3 and in this field we find that the vectors 
of singular properties play an important role. With the aid of these 
vectors the problem of electromagnetic energy is discussed. The 
science of mechanics, which is treated in a fragmentary way in some 
preceding sections, is now given a more general treatment, and the 
conservation laws of momentum, mass and energy are shown to be 
special deductions from a single general law stating the constancy of a 
certain four dimensional vector, which we have called the vector of 
extended momentum. Finally it is pointed out that this last vector 
gives rise to geometric vector fields which can be identified with the 

3 There seems to be a widespread impression that the principle of relativity 
is inadequate to deal with problems involving acceleration. But the essential 
idea of relativity can be expressed by the statement that there are certain 
vectors in the geometry of four dimensions which are independent of any 
arbitrary choice of the axes of space and time. Those problems which involve 
acceleration will be shown to possess no greater inherent difficulties than 
those that involve only uniform motion. It is, moreover, especially to be 
emphasized that the methods which are to be employed in this paper necessi- 
tate none of the approximations that are commonly employed in electro- 
magnetic theory. Such terms as "quasi-stationary," for example, will not 
be used. 
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fields of gravitational potential and gravitational force. Moreover, 
it is shown that these fields are identical in mathematical form with 
the electromagnetic fields, and that all the equations of the electro- 
magnetic field must be directly applicable to the gravitational. 

In an appendix a few rules for the use of Gibbs's dyadics, which have 
occasionally been employed in the text, are stated. And a brief 
discussion of some of the mathematical aspects of our plane non- 
Euclidean geometry is given. 

The Non-Euclidean Geometry in Two Dimensions. 
Translation or the Parallel Transformation. 

5. In discussing a non-Euclidean geometry various methods of 
procedure are available; a set of postulates may be laid down, or 
the differential method of Riemann may be followed, or the theory 
of groups may be used as by Lie, or (if the geometry falls under the 
general projective type, as is here the case) the projective measure 
of length and angle may be made the basis. For our present purpose 
we need not restrict ourselves to any one of these; but since the first 
is familiar to all, we shall employ it as far as convenience permits. 
Some of the other methods will, however, be briefly discussed in the 
appendix, §§ 64, 65. 

With a view to simplicity we shall at first limit the discussion to the 
case of a plane. Points and lines will be taken as undefined, and ' 
most of the relations connecting them will be the same as in Euclidean 
plane geometry. Thus: i 

1°. Through two points one and only one fine can be drawn. 

2°. Two lines intersect in one and only one point, except that 

3°. Through any point not on a given line one and only one 
parallel (non-intersecting) line can be drawn. 

4°. The line shall be regarded as a continuous array of points in 
open order. 

6. In regard to congruence or "free mobility" it is important to 
proceed more circumspectly than did Euclid. The transformations 
of Euclidean geometry may be divided into translations and rotations, 
of which the former alone are the same for our geometry. It seems 
desirable, therefore, to discuss first and in some detail the postulates 

4 We make no claim of completeness or independence for these postulates, 
which are designed primarily to show the points of similarity or dissimilarity 
between our geometry and the Euclidean. A like remark may be made with 
respect to proofs of theorems. 
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and propositions relating to this type of transformation, and common 
to the two geometries. We therefore postulate for translation: 

5°. Any point P can be carried into any point P', and any two 
translations which carry P into P' are identical. 

6°. Any line is carried into a parallel line. 

7°. Any line parallel to PP' remains unchanged. 

8°. The succession of two translations is a translation. 

These postulates determine the characteristics of a group of geome- 
tries of which the two most important are Euclidean geometry and 
that non-Euclidean geometry with which we are here concerned. 
Another non-Euclidean geometry belonging to this same group will be 
discussed briefly in § 31. This group excludes such geometries as the 
Lobachewskian and the Riemannian in which a parallel to a given 
line at a given point is not uniquely defined. We shall first proceed 
to develop some of those general theorems which are true in this 
whole group of geometries. 

I. If two intersecting lines are parallel respectively to two other 
intersecting lines, the corresponding angles 5 are congruent. 

For by translation the- points of intersection may be made to coin- 
cide, and the lines of the first pair, remaining parallel with the lims 
of the other pair (6°), must come into coincidence with them, by 
postulate 3°. 

II. The opposite sides of a parallelogram are congruent. 

For if ABCD is a parallelogram and if A be translated to B, the line 
of DC remains unchanged, by 7°, and the line of AD falls along the line 
oiBC by I. Hence D falls on C by 2°. 

Cor. If two points P, P' are carried by a translation into Q, Q', 
the figure PP' Q' Q is a parallelogram. 

7. We may now set up a system of measurement along any line 
and hence along the whole set of parallel lines. Consider the segment 
PP'. By the translation which carries P into P', the point P' is 
carried into a point P" of the same line. The measure of the separa- 
tion of P and P' we will call the internal 6 PP'. And since the segment 
PP' is congruent to the segment P' P", the intervals PP' and P' P" 
are said to be equal. We may thus mark off any number of equal 
intervals along the line. We shall assume further the Archimedean 
postulate. 

5 The word angle here refers to a geometrical figure only, and does not as yet 
imply any measure of angle. 

6 We use the word interval to avoid all ambiguity. The notion of distance 
will be separately considered in Appendix, § 65. 
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9°. If a sufficient number of equal intervals be laid off on a line, 
any point of the line may be surpassed. 

Now the whole theory of commensurability or incommensurability 
of two intervals along the same line or parallel lines may be treated 
by the usual methods. Thus the intervals along a line, starting from 
any origin upon the line, may be brought into one-to-one correspond- 
ence with the series of real numbers. It is, however, to be especially 
emphasized that we have not established, and cannot establish by the 
translation alone, any comparison between intervals on non-parallel 
lines. 

III. The diagonals of a parallelogram bisect each other. 7 

For let (Figure 1) the parallelogram ABCD, of which the diagonals 
intersect at E, be translated into the 
position BB' C" C (by translating A to 
B), in which the diagonals intersect at 
E'. Now BE' is parallel to EC, and EB 
to CE'. Hence BE' which is congruent 
to AE, is congruent to EC by II. Con- 
sequently AE is congruent to EC by 8°. 

IV. If two triangles have the sides of one respectively parallel 
to the sides of the other, and if one side of one is congruent to one side 

of the other, then the remaining sides of the 
one are respectively congruent to the remain- 
ing sides of the other. 

For if the two congruent sides are brought 
into coincidence by translation, the two tri- 
angles will either coin- 
cide throughout, or will 

together (Figure 2) form 

a parallelogram (II). 
Two triangles with the 

sides of one respectively 

parallel to the sides of the 
other will be called similar. 

V. In two similar triangles the sides of 
the one are respectively proportional to the 
sides of the other. 

For if ABC and A'B'C are the triangles, the vertex A' may be 
made to coincide with A by a translation (Figure 3). Suppose, now, 

7 Theorems like this and the preceding and some which are to follow are 
proved in elementary geometries by the aid of propositions (on congruence of 
triangles) not deducible from translations alone. 




Figure 2. 




Figure 3. 
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that AB' falls along AB, and AC along AC. Assume that AC and 
AC are commensurable. Apply the common measure to the side 
AC, and through the points of division draw lines parallel to BC 
and to AB. In the small triangles thus formed the parallel sides will 
be equal by IV, and therefore the intervals cut off on AB must be 
equal by II. In case of incommensurability the method of limits 
may be applied. 8 The case in which the two triangles falLon opposite 
sides of the common vertex may be treated in a similar manner by the 
aid of IV. 

8. For our future needs, the conception and the measure of area 
are fundamental, and it is important to show that this subject may be 
satisfactorily treated with the aid of the parallel-transformation 
(that is, the translation) alone. Indeed, any arbitrarily chosen unit 
intervals along any selected pair of intersecting, lines determine a 
parallelogram which may be taken as having a unit area. By ruling 
the parallelogram into equal parallelograms by lines parallel to its 
sides, an arbitrarily small element of area may be obtained. The area 
enclosed by any curve may be divided into like elements by similar 
rulings, and thus by the method of limits the enclosed area may be 
compared with the assumed unit area. 9 In particular some simple 
propositions on areas will now be deduced. 

VI. Any parallelogram with sides parallel to those of the unit 
parallelogram has an area equal to the product of the intervals along 
two intersecting sides. 

8 It may be observed at this point that if two intersecting lines be taken as 
axes of reference, if systems of measurement (as yet necessarily independent) 
be set up along the two lines with the point of intersection as common origin, 
and if to each point P of the plane are assigned coordinates (x, y) equal to the 
intercepts cut off from the axes by lines through P parallel to the axes, then 
straight lines are represented by linear equations, and conversely. For the 
deduction of the equation of a line depends merely upon the properties of 
triangles similar in our sense. The transformation from any such set of axis 
to any other such set will clearly be linear. 

9 If axes be introduced as above, the area of a triangle and the area of any 
closed curve are expressed analytically by the usual formulas. 
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and JJdxdy =y o xdy = —J o ydx, 



in terms of our assumed unit parallelogram. The theorems on areas could 
then be proved analytically, but the elementary geometric demonstrations 
seem preferable. It is important to observe further that in a transformation 
to new axes, such that 

x = ax' + by' + c, y = a'x' + b'y' + c', 
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Figure 4. 



VII. The diagonal of a parallelogram divides it into two equal 
areas. 

For if the sides of the parallel- 
ogram be divided by repeated bi- 
section into 2 n parts, there will 
be an equal number of equal 
parallelograms on each side of 
the diagonal (Figure 4), and in 
the limit the total area of these 
parallelograms approaches the 
area of the triangles. 

VIII. If from any point in 

the diagonal of a parallelogram lines be drawn parallel to the sides, 
the two parallelograms formed on either side of 
the diagonal are equal in area (Figure 5). 

IX. Two parallelograms between the same 
parallel lines and with congruent bases are equal 
in area. 

Cor, Two triangles having congruent bases on 
one line and vertices on a parallel line have equal areas. 

Cor. The diagonals divide a parallelogram into four equal triangu- 
lar areas. 

Proofs may be given by obvious and familiar methods. 
X. Of all parallelograms having two sides common to two sides of 
a given triangle and a vertex on the third side of the triangle, that one 
has the greatest area whose vertex bisects that third side. 

For in the figure (Figure 6), where ABC is the triangle and E is the 
middle point of the third side, the difference of the two parallelograms 
is 

HBFE — IBGD = MGFE — IHMD = KMEL — IHMD 
= KMEL — KDNL = DMEN. 
Propositions IV and VIII are used in the proof. 




Figure 5. 



dxdy •■ 



dx'dy.' 



the value of the area, in terms of the area measured with reference to the new 
axes, is 

a b 

a b' 

Hence if the measure of area is to be the same, that is, if the unit parallelogram 
on the new axes is to have a unit area referred to the old axes, the determinant 
of the transformation must be unity. This implies a relation between the 
choice of unit intervals on the new axes. Indeed when the unit interval on 
one of the new axes has been arbitrarily chosen, the unit interval on the other 
is determined. In other words the unit intervals on the new axes must each 
vary inversely as the other. 
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As an extension of the idea of similarity for triangles, we may say 
that any two polygons which have their corresponding sides parallel 

and in proportion are similar. It fol- 
lows that if any two corresponding 
lines are drawn in the polygons, these 
lines must be parallel. 

XI. If on two sides of a triangle 
similar parallelograms be constructed, 
and on the third side a parallelogram 
with diagonals parallel to the diagonals 
of the other parallelograms, the area 
of this parallelogram will be equal to 
the difference of the areas of the other 
two. 

The areas (Figure 7) of the paral- 
lelograms on AB, CA, BC are respec- 
tively four times the areas of the 
triangles ABF, CAE, BCD. If we take the unit parallelogram with 
sides parallel to the diagonals, it will suffice to prove that 





Figure 7. 

FB X AF = AE X EC — BD X CD, 

for each of these areas is twice the area of the corresponding triangle. 
In the similar triangles ACE and GCD, 



EC-.CD: :AE:DG. 
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But by III, BD is equal to DG. And writing AE = FB + BD, we 
have 

ECXBD = CDXFB + CDX BD. 

Add to each side the product FB X EC. Then 

ECiBD + FB) = CDXBD + FB(CD + EC). 
Hence 

ECXAE — CDXBD = FBX AF. 

Non-Euclidean Rotation. 

9. The group of parallel geometries determined by Postulates 
l°-9°, which, notwithstanding its generality, gives rise, as we have 
seen, to some interesting and important theorems, may be subdivided 
by adding a set of postulates belonging to a second transformation 
which by analogy may be called rotation. It is this set of postu- 
lates which will differentiate our non-Euclidean geometry from the 
Euclidean. 

The difference between our non-Euclidean rotation and the ordi- 
nary kind is that in addition to a fixed point, two real lines through 
the point remain unchanged. We may postulate for rotation: 

10°. Any one point and only that one remains fixed. 

This point may be called the center of rotation. 

11°. Two lines through this point remain unchanged. 

These lines may be called the fixed lines of the rotation. 

12°. Any half-line (or ray) from the center, and lying in one of 
the angles determined by the fixed lines, may be turned into any other 
ray in the same angle, and this uniquely determines the rotation. 

13°. The succession of two rotations about the same point is a 
rotation. 

14°. The result of a rotation about and a translation from 
to 0' is independent of the order in which the rotation and transla- 
tion are carried out. 

It follows immediately from 14° that the fixed lines in a rotation 
about any point are parallel to the fixed lines in a rotation about 
any other point 0'. All lines in the plane may now be divided into 
classes in such manner that neither translation nor rotation can 
change the classification. Namely, 

(a) lines parallel to one of the fixed directions, 

(J3) lines parallel to the other of the fixed directions, 
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(7) lines which lie in one of the pairs of vertical angles determined 
by the fixed directions, 

(5) lines which lie in the other pair of vertical angles determined 
by the fixed directions. 

The lines of fixed direction, namely, the (a)-lines and 03)-lines, 
will be called singular lines. 

A system of measurement may be set up for angles between rays 10 
which issue from a point into one of the angles determined by the 
fixed lines through the point. For a succession of rotations may be 
used (in the same manner as the succession of translations was used 
to establish the measure of interval along a line). Thus if a line 
a is carried into a line a' and at the same time the line a' is carried 
into the line a", the angles between a and a' and between a' and a" 
are congruent and the measures of the angles are said to be equal. 
Now as the rotation may be repeated any number of times without 
reaching the fixed line, it is possible to find an angle aa M which shall 
be n times the angle aa'. We shall assume the postulate, analogous 
to the Archimedean: 

15°. If a sufficient number of equal angles be laid off about a 
point from any initial ray, any ray of that class may be surpassed. 

It thus appears that the angles between any given line and other 
lines of the same class may be placed into one-to-one correspondence 
with all positive and negative real numbers, just as the intervals 
from a point on a line may be thus correlated. 11 This constitutes a 
very great difference between our geometry and the Euclidean. 

It is impossible to show from the preceding statements that any 
given figure maintains a constant area during rotation. 12 We shall 
therefore lay down the additional postulate: 

10 The relations of order of all lines of a given class, ( T ) or («), are the same 
as those of points on a line, as in 4°. 

11 The angle between two singular lines (<*) and (0) can obviously not be 
measured. Such an angle, and also the angle between any line and a line of 
fixed direction, must be regarded as infinite. 

12 This matter may readily be discussed analytically. As axes of reference 
choose the fixed lines, and let u, v denote coordinates. As rotation is a linear 
transformation, the point P (w, v) and the transformed point P' (u', v') are 
connected by the equations 

u' = au + bv + e, v' = du + eo + f. 

As the lines u = and v = are fixed, these equations reduce to u' = au, 
v' = ev; and as rotation depends on only one parameter, we may write 
e = 4>{a). The succession of two rotations is then expressed by 

\u' = au ( u" = bu' j u" = abu 

{v' = <t>(a)v, I v" = <t>(b)v', ( v" = <t>(a)<j>(b)v, 
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16°. In rotation an area becomes an equal area. 13 
10. We are now prepared to discuss in some detail the general 
characteristics of our rotation. 
Consider (Figure 8) a series of rota- 
tions about 0, whereby the point P 
assumes the positions P', P", .... 
Let the parallelograms on OP, OP', 
OP", .... as diagonals and with 
sides along the fixed lines be con- 
structed. Then by 16° the areas 
of these parallelograms are equal, 
and in terms of the intervals on 
the fixed lines 



OAXOB = OA' X OB' 

= OA" X OB". 




Figure 8. 



The point P thus traces a curve which in ordinary geometry would be 



with the condition 



<t>(a)4>(b) = cj>(ab) 



necessitated by 13°. This is a functional equation of which the only (con- 
tinuous) solution is 4>{a) = a r . Hence rotation must be of the form 

u' = au, v' = a r v. 

The unit parallelogram on the axes of u and v is hereby transformed into a 
parallelogram on these same axes with intervals a and a r along u and v. By 
VI the area of the new parallelogram is therefore a r+I . If this is to be unity, 
r = — 1. The transformation equations for rotation are therefore 



au, 



v/a, 



where a is necessarily positive because points do not change from one side of 
the axes to another. 

The intrinsic significance of these equations should not be overlooked. A 
rotation may be represented as a multiplication of all intervals along one of 
the fixed lines by a constant factor and a division of all intervals along the 
other fixed fine by the same factor. Or, increasing the unit interval along 
one fixed fine and decreasing it in the same ratio along the other is equivalent 
to a rotation. (This process eifected along any other axes than the fixed lines 
would leave the area unchanged, but would not be a rotation). As the unit 
interval along one fixed fine cannot be compared either by translation or by 
rotation with the unit along the other, and as one of these units is arbitrary, 
we have additional evidence that there is no natural zero of angle. 

13 Such a postulate is unnecessary in Euclidean geometry owing to the 
periodic nature of the Euclidean rotation. Postulate 16° could be replaced 
by one involving only the notion of symmetry between rotations in opposite 
directions. 
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considered a branch of a hyperbola. 14 Since, however, this curve is 
here generated by the rotation of a line OP about its terminus Q, 
we shall call this locus (taken with the other branch Q Q' Q" sym- 
metrically situated with respect to 0) the pseudo-circle. 

By means of such a rotation we are able to compare intervals upon 
any line with intervals upon any other line of the same class. For 
the intervals of the congruent radii OP, OP', OP" will be called equal. 
When we consider the fixed lines we observe that the effect of 
rotation is to carry the segment OA into OA' or OA". It is therefore 
evident that segments are congruent by rotation which are incongru- 
ent by translation. This source of ambiguity exists only in the case 
of singular lines, for in no other case is it possible to compare two 
segments both by rotation and by translation. We may remove this 
ambiguity at once by stating that intervals along singular lines, al- 
though metrically comparable with intervals on other singular lines 

of the same class by translation, are 
all of zero magnitude when compared 
with intervals on any non-singular 
line. This will become more evident 
later. 

Consider next (Figure 9) the inter- 
cept AB terminating on the fixed lines 
corresponding to a rotation with cen- 
ter at 0. Let P be the middle point 
of the line, and C any other point. 
Through C draw a line parallel to OB, 
and on this line mark the point P' 
such that the area ODP'G equals the 
area OFPH. The area 0EC6 is less 
Figure 9. t h a n each of these by X. Hence 

P' lies on the further side of AB 
from 0. But P' is a point on the pseudo-circle through P concentric 
with 0, as we have just seen. Since C was any point of AB, it follows 
that P' may be any point of the pseudo-circle. Hence as the line 
AB meets the pseudo-circle at P and only at P, it is tangent to the 
curve. As a species of converse, we may state the theorem : 

14 There is no special significance in the fact that a rectangular hyperbola is 
drawn in the figure and that the fixed lines a, ff are perpendicular in the 
Euclidean sense; in subsequent figures the singular lines are often oblique. 
From the non-Euclidean viewpoint the question of perpendicularity or 
obliquity of the singular lines is of course meaningless. 
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XII. The tangent to a pseudo-circle lies between the curve and 
its center, and the portion of the tangent intercepted between the 
two fixed lines is bisected at the point of tangency. 

11. In a pseudo-circle the radius and the tangent at its extremity 
are said to be perpendicular. Or in virtue of XII we may say that the 
perpendicular from any point to any non-singular line is the line 
from to the middle point of that segment of the line which is inter- 
cepted by the fixed lines through 0. The construction of a perpendic- 
ular to any line of class (y) or (5) at a point of the line is equally simple. 

By the aid of propositions concerning similar triangles, the follow- 
ing theorems concerning perpendiculars are readily proved. 

XIII. If a line a is perpendicular to a line b, then b is perpendicular 
to a. 

XIV. Through any point one and only one perpendicular can be 
drawn to any line. 

XV. All lines perpendicular to the same line are parallel. 

XVI. The singular line of one class 
which is drawn through the intersection 

of any two perpendicular lines will bisect / \^ n ^''''' $ 

the segment intercepted by these lines 
upon any singular line of the other class 
(Figure 10). 15 

XVII. The perpendicular to a (y)-line Figure 10. 
is a (5)-Iine, and vice versa. 

Intervals along lines of class (5) cannot be compared by congruence 
with intervals along lines of the (y) class. We may, therefore, arbi- 
trarily define equality of intervals between the two classes. // two 
mutually ■perpendicular lines are drawn from any -point and terminate 
on a singular line, the intervals of these lines will be said to be equal. 16 
The consistency of this definition is readily proved. 

The definition of perpendicularity is such that if two lines are per- 
pendicular they must remain perpendicular after a translation or 
rotation. The former case is obvious, and the latter becomes so 
when the lines are considered as radius and tangent in a pseudo-circle 
generated by the rotation; the more general case in which neither of 
the perpendicular lines passes through the center of rotation then 
follows with the aid of XV. It is important to observe one peculiar 

15 In the figure BO and OC are equal, and AB and AC are perpendicular. 

16 In Figure 10, the intervals AC and AB are therefore equal by this 
definition. 
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characteristic of our rotation, namely that two perpendicular lines 

approach each other and the fixed line between them scissor-wise, 

as may be seen, in Figure 11, where OC and 

OD become respectively OC and OD', 00" 

and OD", The pseudo-circles traced by 

9 OC and OD may be called conjugate pseudo- 

\j)' i circles, since the interval OC equals the 

L^f2l____ interval OD, the lines CD, CD', ■■■■, being 
J^c~ singular, and bisected by a fixed line. 

C Since two mutually perpendicular lines ap- 

proach, during rotation about their point of 
intersection, the same fixed line, we may 
extend our definition of perpendicularity by 
Figure 11. regarding every singular line as perpendicular 

to itself. This extension is also suggested by 
the fact that the fixed line may be considered an asymptote of a 
pseudo-circle. Special caution must be given against the idea that a 
singular line of one class is perpendicular to a singular line in the 
other class. The peculiarities of singular lines will become clearer in 
the work on vector analysis. 

12. A triangle of which two sides are perpendicular will be called 
a right triangle, and the third side will be called the hypotenuse. A 
parallelogram of which the two adjacent sides are perpendicular and 
of equal interval will be called a square. The following theorem is 
obvious: 

XVIII. One diagonal of every square is a singular line and the 
other diagonal is a singular line of the other class. 

XIX. Pythagorean Theorem. The area of the square on the 
hypotenuse of a right triangle is equal to the difference of the areas of 
the squares on the other two sides. 

For by XVIII the diagonals of the squares are lines of fixed direction, 
and hence parallel each to each. The squares on the two legs are 
similar. And the proposition is evidently a special case of XI. (In 
Figure 7 if the dotted lines are singular lines, the lines AC and BC 
are so drawn as to be approximately perpendicular.) 

XX. Any two squares whose sides are of unit interval are equal in 
area. 

For by suitable translation and rotation one may be brought into 
coincidence with the other. The unit of area will henceforth be taken 
as the area of a square whose sides are of unit interval. Hence 
follows: 
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Cor. The area of any rectangle is the product of the intervals of 
two adjoining sides. 

We may therefore obtain from XIX the theorem 

XXI. The square of the interval of the hypotenuse of a right 
triangle is equal to the difference in the squares of the intervals of the 
other two sides. 

Cor. The perpendicular from a point to a line has a greater interval 
than any other line of the same class drawn from the given point to 
the given line. 

Having now given a final definition of the measure of area, we may 
define the unit of angle. The radius of the pseudo-circle, in advancing 
by rotation over equal angles, necessarily sweeps out equal areas 
(by 16°). Hence by the familiar argument sectorial areas in any 
pseudo-circle are proportional to the angles at the center. The unit 
angle will be taken as that angle which, in a pseudo-circle of unit 
radius, encloses a sectorial area of one-half the unit area. 

Vectors and Vector Algebra. 

13. Translation or the parallel-transformation leads at once to 
the consideration of vectors. We have shown that when a translation 
carries A into B and A' into B' the directed segments AB and A'B' 
are parallel and congruent (Cor. to II). Hence a translation may be 
represented by a vector, that is, by any directed segment laid of from 
any origin and having the same interval and direction as AB. The 
succession of two translations is represented by the sum of their 
corresponding vectors. The addition and subtraction of vectors and 
their multiplication by scalars follows the usual laws (by §§ 5-7). 

If two vectors a and b are laid off from a common origin, the paral- 
lelogram constructed on the vectors is called their outer product axb, 
and the magnitude of this product will be taken numerically equal to 
the area of the parallelogram. 17 We must bear in mind that not this 
magnitude (nor yet a vector perpendicular to the plane), but the 
parallelogram itself is the outer product. We may, however, repre- 
sent the outer product by any other closed figure of equal area, pro- 
vided that it is taken with the same sign. The sign attributed to an 

17 Our vector notation will be based upon that of Gibbs, and is identical with 
that employed by Lewis (Four dimensional Vector Analysis, These Proceedings, 
46, 163-181) except in the designation of the inner product which we shall 
define as in that paper, but represent by a«b instead of ab," the latter form will 
be reserved to denote the dyad. The scalar magnitude of a vector will be 
represented by the same letter in italic type. 
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area does not arise from any positive or negative geometric charac- 
teristics of the area itself, but from an interpretation or convention 
concerning the way in which one area is considered as generated 
relative to another, and is required for analytic work. We shall make 
the convention that axb and (— a)xb or ax(— b) have opposite signs. 
The outer product of a vector by itself or by any parallel vector is 
zero, because the parallelogram determined by these vectors has zero 
area; thus axa = 0. The associative law for a scalar factor is valid, 
because multiplying one side of a parallelogram by a number multi- 
plies the area by that number; thus 

(ria)xb = naxb = ax(wb). 

The distributive laws, 

ax(b + c) = axb + axe, (a + b)xc = axe + bxc, 

also hold; for inspection shows that the parallelogram ax(b -f- c) is 
equal to axb plus axe. The anti-commutative law, 

axb = — bxa, 
holds; for 

(a + b)x(a + b) = axa + axb + bxa + bxb = 0. 
Hence 

axb = — bxa. 

14. Thus far we have proceeded by means of the parallel-trans- 
formation alone. It is evident that this much of vector algebra is 
common to all geometries, including the Euclidean and our non- 
Euclidean geometry, in which there is such a parallel-transformation. 
The other type of product, the inner product, cannot be defined with- 
out some concept of rotation or perpendicularity, or its equivalent. 

We shall so define this inner product a*b that it obeys the associa- 
tive law for a scalar factor and the distributive and commutative laws, 
namely, 

(na)^b = mub =a«(nb), 

a«(b + c) = a-b + a«c, 

a«b = b«a, 

and furthermore remains invariant during rotation. 

As the fixed lines are fundamental in rotation it is sometimes ex- 
pedient to resolve vectors into components along these directions. 
Let p and q be definite vectors in the two fixed lines; any vector in 



WILSON AND LEWIS. — RELATIVITY. 407 

the plane may be written as r = zp + yq. By the postulated formal 
laws, 

r«r = a; 2 p.p + 2/ 2 q«q + 2xyp-q. 

We may now note that by rotation a vector along a fixed line is con- 
verted into a multiple of that vector. If p becomes np, and the inner 
product p«p remains invariant, then p-p = «. 2 p«p; whence it is ob- 
vious that P'P = 0. In general: The inner product of any singular 
vector by itself is zero, and this suffices to characterize a singular 
vector. Hence r»r reduces to 

T'T = 2xyp-q. 

Before proceeding further with the definition of the inner product, 
we may observe that the signs of x and y are determined by that one 
of the four angles (made by the fixed lines) in which r lies. According, 
then, as x and y have the same sign or different signs, the vector r 
belongs to one or the other of the classes (7) or (5), and the product 
r«r will have one sign or the other. These considerations suffice to 
show that if r and r' are two vectors, and if r»r and r'-r' have the same 
sign, the vectors are of the same class, but if r»r and r'«r' are of op- 
posite sign, r and r' are of different classes. We have here a marked 
departure from Euclidean geometry, in which the inner product of a 
real vector by itself is always positive. 

We are now in a position to complete the definition of the inner 
product by stating that the product is a scalar, and that the product 
of a vector by itself is equal to the square of the interval of the vector, 
taken positively if the vector is of class (7), negatively if of class (5). 
This does not imply any dissymmetry between the classes (7) and (5), 
but is only such a convention as is often made with respect to sign. 

The equation r«r = 2xy$-q shows that the inner product of any 
singular vector and any singular vector of the other class is equal to 
one-half the inner product by itself of the diagonal of their parallelo- 
gram. 

The inner product of any vector and a perpendicular vector is zero. 17 
For by XVI it is evident that if p and q be the components along the 
fixed directions of any vector r, so that r = p + q, then p — q is a 
perpendicular vector, and in general any perpendicular vector r' has 
the form n(p — q). Hence 

r'-r = n (p - q).(p + q) = n (p.p + p-q - q.p - q.q) = 0. 

17 The fact that the inner product of a singular vector by itself vanishes 
justifies our convention that a singular line is perpendicular to itself. 
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The inner product of any two vectors is equal to the inner product 
of either one by the projection of the other along it. For either 
vector may be resolved into two vectors one of which is parallel and 
the other perpendicular to the other vector. Thus b may be written 
as na + a', where na is the projection of b on a, and a' is perpendicu- 
lar to a. Therefore 

b«a = na>a + a'«a = wa«a, 

which was to be proved. Geometrically the only puzzling case is that 

in which the vectors are of different classes. Let OA (Figure 12) be 

a vector of class (7) and OB of 

class (5). The projections of 

^ s*b' ®\ P OA on OB and of OB on OA 

/*\ >T~~--_ „-''" are respectively OB' and OA'. 

/ v ^-v\ ~~~><f ' Note that whereas OB' extends 

/' __^£^—~~~^i (ys in the same direction as OB, 

y' „-•''' v ^v v the vector OA' extends along 

■"* r ,-'' "^ the opposite direction to OA. 

-"' ^~ Thus OB' is a positive multiple 

Figure 12. of QB> whereas QA > j s a nega . 

tive multiple of OA. But the 
inner product of OB by itself is negative, since the vector is of class 
(5), while the inner product of OA by itself is positive, since the vector 
is of class (7). Hence the inner product of OA and OB has the same 
sign, whichever way the projection is taken. 

In obtaining the inner product of a singular and a non-singular 
vector by projecting one upon the other, it is necessary to project the 
singular vector upon the non-singular vector; for it is impossible to 
make a perpendicular projection upon a singular vector. In case 
both vectors are singular the method of perpendicular projection fails 
entirely, and we must use analytical methods (or have recourse to 
parallel projection). 

16. It will often be convenient to select two mutually perpendicular 
lines as axes of reference. We will denote 18 by ki and k 4 unit vectors 
along such axes, ki being the vector of the (7)-class, and k 4 of class (5). 
For these vectors we have the rules of multiplication 

ki-ki = 1, k^k 4 = — 1, ki'k 4 = k 4 «ki = 0. 



18 We reserve the symbols k 2 and k3 for other unit vectors of class ( T ) in 
space of higher dimensions. 
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Any two vectors a and b may be written in the form 

a = aiki + fflA, b = &iki + 6^4, 

and the inner product is then, by the distributive law, 

a*b = aj>i — aj)i. 

In terms of these unit vectors we may also express outer products. 
If we write, for brevity, k u = kixk 4 , the rules for outer multiplica- 
tion are 

k 14 = — ku, kn = ku = 0. 

The outer product of the vectors a and b is therefore 

axb = (ai& 4 — a 4 6i) ku. 

Since k u represents a parallelogram of unit area, the question 
arises as to why we write kixk 4 as ku and not simply kixk< = 1. The 
answer is that the outer product axb possesses a certain dimension- 
ality, which, it is true, is not exhibited in a marked degree until we 
proceed into a space of higher dimensions, but which renders it un- 
desirable to regard the outer product as merely a scalar. We may call 
it a pseudo-scalar, and later extend this designation to M-dimensional 
figures in a manifold of n dimensions. 

Every vector in two dimensional space uniquely determines, except 
for sign, another vector, namely, the one equal in interval and per- 
pendicular to the first. This vector will be called the complement of 
the given vector. To specify this sign, the complement a* of the 
vector a maybe defined as the inner product of a and the unit pseudo- 
scalar ku, namely, a* = a*ki 4 , where the laws of this inner product are 

ki'ku = — k4, k4-ki4 = — ki. . 

Thus if a = aiki + a 4 k 4 , then for the complement 

a* = (aiki + (14^)* = (aiki + c^k^'k^ = — a 4 ki — aik4. 

This type of multiplication, as will be seen later, obeys all the general 
laws of inner products (§§ 27, 29). 

Referred to a set of perpendicular unit vectors, the singular vectors 
take the form ra(± ki =±= k 4 ). The complement of a singular vector is 

n(± k t ± ki)*=w(± k x ± k4>ku = n(=F ki t ki), 

that is, the complement of a singular vector is its own negative. 
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We may extend the idea of complements to scalars and pseudo- 
scalars. The complement of the scalar n will be defined as the pseudo- 
scalar riku; the complement of the pseudo-scalar riku will be defined 
as the scalar — n. This may be written 

(riku)* = nki4«ki4 = — n, 

thus establishing the convention kn-ku = — 1. It may readily be 
shown that, for any two singular vectors p and q of different class, 
the outer product is the complement of the inner product, that is, 

pxq = (p.q)k u . 

In other words the inner and outer products of singular vectors are 
numerically equal. 

Some Differential Relations. 

16. As the inner product r-r of a vector by itself is numerically 
equal to the square of the interval of the vector r, the equation of 
the unit pseudo-circle of which the radii are all (7)-lines is r»r = 1 ; 
and the equation of the conjugate unit pseudo-circle of which the 
radii are (5)-lines is r«r = — 1. As the tangents to a pseudo-circle 
are perpendicular to the radii, they must be of opposite class. A 
pseudo-circle of which any tangent is a (5)-line (the radii being (7)- 
lines) is called a (S)-pseudo-circle; and a pseudo-circle of which 
any tangent is a (Y)-line (the radii being (S)-lines) is called a (7)-pseudo- 
circle. In general if a curve has tangents which are all of the same 
class (5) or (7), the curve may be designated as a (8)- or a (Y)-curve; 
the normals to the curve will then be respectively of the opposite 
class (7) or (5). The interval of the arc of any such curve will be the 
limit of the sum of the intervals of the infinitesimal chords along the 
arc. We shall not be obliged to consider any curve which is not 
altogether of one class as here defined. 

As dr is the infinitesimal chord as a vector quantity, the formula 
for the scalar arc is 

s = J Vrfr.rfr or s = I V— dr-di 

according as the curve is a (7)- or a (S)-curve. 

The sectorial area in a unit pseudo-circle may be regarded as the 
sum of infinitesimal right triangles, of which the area is numerically 
equal to Jrxrfr if r is drawn from the center. The numerical 
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value of the area is therefore one-half the numerical value of dr, that 
is, one-half the infinitesimal interval of arc. From our definition of 
unit angle (§ 12), it is evident that an angle is equal to the arc sub- 
tended upon a unit pseudo-circle centered at the vertex of the angle. 
This might, in fact, have been made the definition of the measure of 
angle. It is evident from these considerations that a rotation turns 
all non-singular lines through the same angle. 

Angles may be classified according to the classes of their sides. If the 
two sides are (Y)-lines, the angle will be designated as of class (77) ; 
if they are (5)-lines, the angle is of class (88). Consideration of angles 
(yS), which have one side a (Y)-line and the 
other a (S)-line, and which cannot be gener- 
ated by rotation, need not detain us here. (See 
Appendix.) 

If any line (Figure 13) through the center 
be taken from which to measure angle, posi- 
tion upon the unit pseudo-circle may be 
expressed parametrically in terms of the 
angle as follows. Let the given line be a 
line of class (7) (the pseudo-circle then being 
of class (5)), and construct the perpendicular Figure 13. 

line of class (5). These two lines may be 

taken respectively as axes of X\ and X4. with the unit vectors ki and 
kj along them. The equation of the unit pseudo-circle is then 

t-i = (xikx + a^kO-foki + 2^4) = xi 2 — a; 4 2 = 1. 

The differential of angle or arc is in this case 

dB=ds= V— dr-ir= V (k 1 dx 1 + k 4 <£E 4 ) • (kidxi+ k^dxi) = ^dxf-dx? 

Whence, by differentiation of a?i 2 — x£ = 1, 

dxi 




J J J Vi + Xi 2 J ■ 



Vl + Xi 2 J Va^ 2 — 1 
and x\ = cosh 6, X4. = sinh 6, 

where 6 is the angle between the a;j-axis and the radius vector, and 
therefore of the class (77). If the given line had been of class (5) 
(the pseudo-circle of class (7)), and if the angle <j> had been of class 
(55) measured from the Xi-axis to the radius vector, the results 
would have been 
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cci = sinh$, Xi = cosh<£, 

with x?—x£ = — 1 as the equation of the pseudo-circle. 

If now in general r be the radius of any pseudo-circle, the foregoing 
results may readily be generalized, and we obtain the following pair 
of equations. 

X\ = r cosh 0, Xt = r sinh 0, Xt = Xy tanh 0; . . 

xi = r sinh <j>, x t = r cosh <l>, xi = x t tanh <j>. *• ' 

In the first case r is a (7) -vector and 6 is a (77) -angle; in the second, 
r is a (5)-vector and <j> is a (SS)-angle. We thus have equations which 
express the relations between the hypotenuse and the sides of any 
right triangle in terms of one angle. The inclination of the vector r 
to the axes k x or k 4 in the respective cases is the angle 

Xi Xi 

= tanh -1 — or <l> = tanh -1 —; 

Xi Xi 

and the slope of r relative to the axes is the hyperbolic tangent of 
the angle, not the trigonometric tangent. 

17. Consider next any curve of class (5). Let 



= f Vdatf 



dx\ 2 



denote scalar arc along the curve, and let r be the radius vector from a 
fixed origin to any point of the curve. Then the derivative 

rfr , dxi ■ dxi , . 

W= ^ =kl & +k ^ (2) 

is a unit vector tangent to the curve. If this vector makes the angle 
<j> with the axis ki, so that the slope of the curve is 

v = tanh <f> = -y- ' (3) 

dXi 

the components of the vector are 
= sinh# = 



ds Vi — « 2 

and w = , 

Vi- 



-r- = COsh <t> = 

as 


1 


(4) 


Vi— » 2 


nki + k 4 ). 




(5) 
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If we had chosen a different set of perpendicular axes k/, k/, where 
k/ makes an angle ^ = tanh -1 u with k 4 , so that the inclination of w 
to k/ is 4>' = <t> — \p, the new components of w would be 

dxx' 



ds ' " " " ' " Vl — rt n 



sinh <t>' = cosh <t> cosh \p - 


— sinh 4> sinh \p = 


v — u 




Vl _ tf Vl - 


-« 2 


cosh $' = cosh 4> cosh 4< - 


— sinh <j> sinh ^ = 


1 — vu 








where 



Vl — j) 2 Vl ■ 

, _ dc/ _ , , _ tanh <£ — tanh \p __ « — m . . 

da^' 1 — tanh 4> tanh ^ 1 — vu 



It will be convenient to have a general equation for the components 
of a vector upon one set of axes in terms of its components on another 
set. Let ki, k« be one set of perpendicular unit vectors, and k/, 
k/ another set. If the angle from ki to k/ be \p, the angle from k 4 
to k/ is also ^ by § 16. The products 

ki«ki' = coshi/', ki-k4'= — cosh^, 

ki-k^' = sinhi/', ki'-k^ = — sinh^, 

follow from (1). To obtain the transformation equations we write 
r = xiki + a^kt = *i'ki' + ar/k/, 

and multiply by ki, k(, kj', k 4 '; 

r-kj = X\ = a;/ cosh ^ + a^'sinh^, 

— r-k4 = x± = a:/ sinh ^ + aVcoshi/', 
r»ki' = x\ = xicosh^- — X4 sinh ip, 

— r-k/ = Xi = — xj sinh^ + a^cosh^. 

Curvature in our non-Euclidean geometry is defined, as is ordinary 
geometry, as the rate of turning of the tangent relative to the arc. 
As w is a unit tangent, dw is perpendicular to w and in magnitude is 
equal to the differential angle through which w turns. Hence 
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ds ds 2 
is the curvature, taken as a vector normal to the curve. Hence 



-[ 



k, 



dv 



(1_ „2)2 ' (l—j)*JdXt 



vJU ~] 



(8) 



(9) 



In magnitude the curvature is 

A' 

Vcc = - 



(1- 8 2)J 

Relative to axes kj', k/, the result is 
c 



d?X\ 

dxf 



dx^ 2 

dxi 



ki' uV "W 



_(1 — »' 2 ) 2 ' (1 — «' 2 ) 2 



C^' 



■ (1 — mp) k/ , — m) k 4 ' 



(1 — » 2 ) 2 Vl — M 2 (1 — »2)2 Vl _ M 2 

In complete analogy with the circle in Euclidean geometry the 
pseudo-circle in our non-Euclidean geometry has a curvature of con- 
stant magnitude throughout. The curvature of any other curve may 
always be represented as the curvature of the osculating pseudo-circle, 
and in magnitude is inversely proportional to the radius of that pseudo- 
circle. 

Kinematics in a Single Straight Line. 

18. Before proceeding to the discussion of the non-Euclidean geom- 
etry of more than two dimensions we may consider some simple but 
fundamental problems of physics which may be treated with the aid 
of the results which we have already obtained. 

The science of kinematics involves a four dimensional manifold, 
of which three of the dimensions are those of space, and one that of 
time. By neglecting two of the spacial dimensions, in other words 
by restricting our considerations to the motion of a particle 19 in a 
single straight line, kinematics becomes merely a two dimensional 
science. The theorems of kinematics, not in the classical form, but in 
the form given to them by the principle of relativity, are simply 
theorems in our non-Euclidean geometry. 

19 By particle we do not as yet mean a material particle but merely an 
identifiable point in motion. 
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The units of distance and time, namely the centimeter and second, 
were chosen without reference to each other. Retaining the centi- 
meter as the unit of distance, we may take as the unit of time one 
which had been frequently suggested as the rational unit long before 
the principle of relativity was enunciated, namely, the second divided 
by 3 X 10 10 , or the time required by light in free space to travel one 
centimeter. The velocity of light then becomes unity. 

Let us consider in our geometry two perpendicular lines, and meas- 
ure along the (Y)-line extension in space, along the (5)-line extension 
in time. Then any point in the plane will represent a given position 
at a given time. We are considering the motion of a particle along a 
specified straight line in space. If x denotes distance along the line 
from a chosen origin, then in terms of our previous nomenclature, 
we shall take x = Xi and t = x t . The k 4 - or <-axis, or any line in the 
otf-plane parallel to this axis, represents the locus in time of a particle 
which does not change its position in space, in other words, of a sta- 
tionary particle. Any straight line of the (5)-class making a non- 
Euclidean angle \j/ with k 4 , represents the locus in space and time of a 
particle moving with a constant velocity 

u = -rr = tanh^ 
at 

A singular line in our plane represents a velocity u = 1, and is the 
locus of a particle moving with the velocity of light. 

We have seen that in our plane no pair of perpendicular lines is 
better suited to serve as coordinate 
axes than any other pair. If then 
we consider (Figure 14) two (5)-lines, \ 
marked t and t', and the respectively 
perpendicular (7)-lines, marked x 
and x' , and if we regard the first 
(5)-line as the locus of a stationary 
particle and the second as the locus ,^'' v ^ v 

of a moving particle, we might n n 

expect to find that we could equally Figure 14. 

well regard the second (5)-line as the 

locus of a particle at rest and the first as the locus of a moving particle. 
And this is, in fact, the first postulate of the principle of relativity. 
The one relation between the two lines, which is independent of any 
assumption as to which line is the locus of a stationary point, is 
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the angle \f/ whose hyperbolic tangent is the relative velocity which is 
the same by either of the assumptions. 

If now we have a third (S)-line t" making an angle <f> with the first 
(5)-line, and <t>' with the second, where <t>' = <j> — 1^, and if we call the 
relative velocities corresponding to these angles 

v = tanh <p, v' = tanh <£', u = tanh \j/, 

then it is not true that »' = v — u, but since <j>' = 4> — xp, 



1 — vu 



by (6). This is the theorem regarding the addition of velocities ob- 
tained by Einstein. 20 The true significance of this result cannot be 
emphasized too strongly, namely, that the velocity as such can only 
be determined after a set of axes have been arbitrarily chosen; 
relative velocity, however, has a meaning independent of any co- 
ordinate system. Furthermore it is not the relative velocities, but 
the non-Euclidean angles, which are their hyperbolic anti-tangents, 
which are simply additive. If we were constructing a new system 
of kinematics uninfluenced by the historical development of the 
science, it might be preferable to make these angles fundamental 
rather than the velocities. 

Suppose that from a given (5)-line we lay off successively equal 
angles, so that each line determines with the preceding line the same 
relative velocity, then the angle measured from the given line increases 
without limit, but its hyperbolic tangent, which is the velocity relative 
to this line, approaches unity, that is, the velocity of light. The 
relative velocity, therefore, determined by any two (5)-lines whatever, 
is less than the velocity of light. The velocity of light itself appears 
the same regardless of the choice of coordinate axes. This is the sec- 
ond postulate of the principle of relativity. Indeed if angle, instead 
of relative velocity, had been made fundamental, the motion of light, 
as compared with all other motions, would have been characterized 
by an infinite value of the angle. 

19. Let us return to our figure and consider once more the lines 
that have been marked t, t', and x, x' . If we take the /-line as the locus 
of a stationary particle, then all points along the line x or along any 
parallel line are said to be simultaneous, for along any line perpendicu- 
lar to the i-axis the value of t is constant. In like manner if we con- 

20 Einstein, Jahrb. d. Radioak, 4, 423. 
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sider the i'-line as the locus of a particle at rest, then simultaneous 
points are those along x' or along lines parallel to x'. Hence points 
which are simultaneous from one point of view, are not simultaneous 
from the other. In fact any two points through which a line of class 
(7) can be drawn may be regarded as simultaneous by choosing this 
(7)-line as the axis x, and the perpendicular line as the axis t. Sim- 
ilarly any two points through which a (5)-line can be drawn may be 
regarded as having the same spacial position; in other words any point 
may be taken as a point at rest. 

It thus appears that the measurements of time and space are de- 
termined only relative to some selected set of axes. Further to exhibit 
this fact, and to determine the relations 
which exist between the measures of 
time and space when different sets of 
axes are chosen, let us consider (Fig- 
ure 15) two parallel (5) -lines in our 
non-Euclidean plane. These lines v --> v 
represent the loci of two particles 
which have no relative velocity. Let 
any set of axes of time and space be 
drawn. The constant intervals cut off 
by the two parallel (5)-line3 from the / "\ 

x-axis and all lines parallel to this axis / 

represent the constant distance, as Figure 15. 

measured by these axes, between the 

two particles at any time. The constant intervals cut off by the 
two parallel (5) -lines on the <-axis and all lines parallel thereto repre- 
sent the constant interval of time as measured by these axes, which 
must elapse between the instant when one of the particles has a certain 
position (upon the line in which we are considering rectilinear motion 
as taking place) and the instant when the other of the particles has 
this same position. 

One particular choice of axes is especially simple, namely, that 
in which the 2-axis is parallel to the two (5)-lines, and the avaxis is 
perpendicular. Relative to this assumption of axes the particles are 
at rest. The distance between them is AB. If another set of axes 
is drawn, the particles appear to be in motion, and the distance be- 
tween them is taken as A' B'. If ^ denotes the angle between the 
axes, the projection of A'B' on AB is equal to AB, 

AB = A'B' cosh i = ■ 

Vl— M 2 
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where u is the relative velocity determined by ip- Or, 



A'B' = AB sech ^ = AB Vl — w 2 . 

That is to say, the distance A'B' between the particles when con- 
sidered in motion with the velocity u is to the distance AB between 
the particles when considered at rest as Vl — M 2 : 1. This statement 
embodies Lorentz's theory of the shortening 
of distances in the direction of motion. 

Consider now (Figure 16) two intersecting 
(5) -lines along which equal (unit) intervals OT 
and OT' are marked. If OT is taken as the 
time-axis, the point M, obtained by dropping 
from T' the perpendicular T'M to OT, is 
simultaneous with T. But the interval OM 
is greater than OT in the ratio 1 : Vl — u 
where u = tanh \p is the relative velocity 
determined by the two lines. Hence a unit time OT' as measured 
along OT' appears greater with reference to OT than the unit OT 
itself. This is another statement of Einstein's theorem that unit time, 
measured in a moving system, is longer than unit time measured in 
a stationary system. 

All of these special thorems follow directly from the general trans- 
formation equations (7). We have 



/ 




Figure 



Xi .= Xi cosh ip — Xi sinh \(/, 
Xi = — Xi sinh \p + Xi cosh ip- 



Now substituting 



u = tanh \p, sinh \f/ = u/ Vl 



cosh 4> =1/Vl —u 2 , 



x x 



Vl — v? 



(Xi UXi), 



Xi = 



vr 



(Xi — UXi) . 



Or, replacing x 4 by t and x t by x, we have the fundamental transfor- 
mation equations of Einstein for the change from stationary to 
moving coordinates. 

20. Let us next consider instead of a (5)-line any (5)-curve. This 
will represent the space-time locus of a particle undergoing accelerated 
rectilinear motion. As the distinction between curved and straight 
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lines is independent of any reference to axes, it follows that accel- 
erated motion must remain accelerated motion regardless of the axes 
chosen. Moreover, the curvature (§ 17) of a curve is also independent 
of any choice of axes. Hence, although it is impossible, as we have 
seen, to define absolute velocity (that is, all velocity is relative to 
some assumed set of axes), we may define absolute acceleration if we 
are willing to define it as the curvature or as any function of the 
curvature alone. If, however, we wish to use the ordinary measure 
of acceleration, we must consider the projection of the curvature 
upon a chosen ar-axis, namely, 

1 dv dv , „ 

or — = (1 — vf Cx . 



"* (l-v^dt' "* dt 

It is evident that curvature of constant magnitude does not mean 
uniform acceleration. Indeed if the numerical value of the curvature 
is constant the point in the ;rf-plane must move upon a pseudo-circle. 
Since the tangent to this curve approaches, but never reaches, the 
asymptotic fixed direction, it is clear that the velocity of the particle 
approaches as its limit the velocity of light. For such a motion, the 
relation between x and t is easily seen to be 

(i-» 2 r°f = |' or ( x - Ci y-(t- Cl y = R\ 

where R is the radius of curvature, and Ci, c<t are constants of inte- 
gration depending on the choice of origin for x and t. 

The interval of arc along any (5)-curve is that which was called 
by Minkowski the Eigenzeit. This quantity is of course invariant 
in any change of axes. Thus 

Cds = J TJdP — dx* = i <dP — dx\ 

Mechanics of a Material Particle and of Radiant Energy. 

21. Hitherto we have not assigned to our moving particles any 
distinguishing characteristics. Let us now consider what follows if 
we attribute to each particle a mass. It is true, as we shall later see, 
that the phenomena which must be discussed in connection with the 
dynamics of a material particle, even in the case where that particle 
moves only in a straight line, cannot be adequately represented in 
our two dimensional diagram. Nevertheless those results which can 



420 PROCEEDINGS OF THE AMERICAN ACADEMY. 

be discussed are so much more readily visualized in this simple case 
that we shall consider a few important theorems before entering upon 
the treatment of three and four dimensional manifolds. 

The meaning of the mass of a particle, when that mass is determined 
by a person at rest relative to the particle, will be taken as understood. 
We shall call that value of the mass m . Let us consider a (5)-curve 
which represents the locus in time and space of this material particle, 
and at any point of the locus a tangent of unit interval (or unit tan- 
gent) w. By multiplying w by the scalar to , we make a new vector 
which we shall call the extended momentum. If now we choose any 
pair of axes z and t, the slope of the locus with respect to these axes, 
that is, the velocity of the particle, we have called v. The momentum 
vector may then be written, by (5), . 

moW= -r=ki + - 7 ==k 4 . (10) 

Vl — v 2 Vl — 1)2 

If the i-axis were chosen parallel to the tangent w, the coefficient 
of k 4 , that is, the component of the extended momentum moVT along 
the time axis, would be simply mo, the stationary mass. If, as we 
have assumed, the particle is regarded as moving with the velocity 
v, we shall take the component of mtfN along the f-axis as the mass to. 
In other words, the mass of a body appears to increase with its velocity 
in the familiar ratio 

m = , (11) 

Vl— «* 

The component along the x-axis is then mv, the momentum. We 
may therefore write the vector of extended momentum as 

TOoW = m»ki + mk4. (12) 

22. From our equation for the curvature we may write 

dmoW dmv. . dm, 1 {dmv, , dm, \ ,,„. 

»"--*- = -*-*+** = vr^l^r kl + ^ k4 > (13) 

The vector moC we shall call the extended force. Since our ordinary 
definition of force is time-rate of change of momentum, it is evident 
that the ar-component of the extended force multiplied by Vl — ^ is 
ordinary force. That is, 

/; « dmv , . 

/= Vl— v*moC x = -^-. (14) 



/= 


dmv 


(1- D 2 )* 


dv 
It' 


dm 

~dT 


(1 


mtfi 

_ j,2)l 


do 
dt 


:fv = 
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By comparison with equation (9), or by substituting for m from (11) 
and differentiating, we obtain the results 21 

(15) 

W (16) 

where dE/dt represents the rate at which energy is acquired by the 
particle when acted upon by the force/. Since dE/dt and dm/dt are 
equal, we may, except possibly for a constant of integration, write 
E — m. This is a special statement which falls under the more 
general law, that the mass of a body, in the units which we employ, 
is equal to the energy of the body. We may therefore use the terms 
mass and energy interchangeably. 

The type of motion which, from the viewpoint of the principle of 
relativity, corresponds most closely to motion under uniform accelera- 
tion in Newtonian mechanics, is motion under a constant force /. 
The equation of motion may readily be integrated. 

dmv _ d v _„ 

v K , , . n, dx Kt 



V(l — v 2 ) mo " dt Vmtfi + K 2 (t — U) 2 ' 



^oV* /, ± \, mo 2 



and (aj-afc + glj _(«_*,)»= ^. 

The representative point in the arf-plane therefore describes a pseudo- 
circle of which the curvature is the constant force acting on the particle 
divided by mo. The mass of the particle at any time is 

mo K{t — to) TJ rf , W 

m = = — = K [x — xo + -rr 

which shows that the increase in mass is equal to the product of the 
force by the distance traversed, as it should be from the principle of 
energy above stated. 

23. Let us consider the problem of the impact of two particles A 
and B of which the vectors of extended momentum (mow) are respec- 

21 See later discussion (§36) of the so-called longitudinal mass. 
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tively a and b before collision, and a' and b' after collision. Several 
important laws are subsumed under a law which we may call the law 
of conservation of extended momentum, namely, 

a + b = a' + b'. (17) 

Assume any set of space-time axes, and write 

a = a{ki + ajti, b = fcikx + fcj^, 

a' = a/ki + a 4 'k4, b' = &i'ki + 6/ki. 

Then the law states that 

(d + &,) k x + (o 4 + 6 4 ) k4 = (a/ + W) k x + (a/ + W) k*, 
or 

a x + h = a,' + W, (18) 

a 4 + b t = a 4 ' + 64'. (19) 

Now (by § 21) a t and 64 are the masses of the two particles before 
collision, a/, b t ' the masses after collision, and equation (19) expresses 
the law of conservation of mass or energy. The components ai, 61, 
ai, W, are the respective momenta (in the ordinary sense), and equa- 
tion (18) is the law of conservation of momentum. 

To assume that the impact is elastic is equivalent to assuming that 
the value of mo for each particle is unchanged by the collision; and 
since each value of tuq is the magnitude of the corresponding vector 
of extended momentum, the assumption may be expressed in the 
equations 

a = a, b = V . 

The condition that the extended momentum 
is unchanged gives 

(a+b)-(a+b) = (a' + b')-(a' + b'), 

or a-b = a'»b' 

by the above relations. Hence it follows 
(Figure 17) that 

cosh <£ = cosh 4>', or 4> = <t>', 

as is evident from the rules of projection 
previously deduced. It is thus seen that 
the relative velocity is the same before and after collision, and thereby 
a rule which has been found very useful in the discussion of simple 




Figure 17. 
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problems in Newtonian mechanics proves equally applicable in the 
new mechanics. 

If the impact, instead of being perfectly elastic, were such that the 
particles remained together after the collision, the two vectors a and b 
would merely be merged into a single vector a + b. The sum of the 
mo's would not in this case remain constant, but would be increased 
by the heat (or mass) produced by the impact and obtained from the 
"kinetic energy" of the relative motion. This is all equivalent to 
the simple geometrical theorem that the (S)-diagonal of a parallelo- 
gram whose sides are (5) -lines is greater than the sum of the two 
sides. 

24. The concepts of momentum and energy (mass) are ordinarily 
extended from the primitive mechanical phenomena to those involving 
so-called radiant energy. We shall see that the ascription of mass 
and momentum to light or other radiation is in consonance with the 
geometrical representation which we have adopted. 

Let us consider a ray of light emitted in a single line for a definite 
interval of time. Such a ray alone can be considered in our two di- 
mensional system. If the interval of time is very short, so that the 
front and the rear of the ray are very near together, we may regard 
the ray as a particle of light. The motion of such a light-particle 
can only be represented in our geometry by a singular vector, and to 
any observer its velocity is unity. Although the interval of any 
singular vector is zero as compared with the interval of any (7)- or 
(S)-vector, intervals along a given singular vector are, as we have 
pointed out, comparable with one another. 

Supposing now that a given light-particle is represented by a definite 
singular vector, let us see whether such a vector can be regarded as 
an extended momentum. If so, its projection on any chosen space- 
axis must represent momentum, and its projection on the correspond- 
ing time-axis mass or energy. These two projections must, moreover, 
be of equal magnitude in this case, since the velocity of light is unity. 
It is immediately obvious that this latter condition is fulfilled, since 
the vector is singular (§11). If a is the vector, then in terms of two 
sets of axes 

a = rreki + mk 4 = m'k/ + m'k/. 

If then a represents extended momentum, m must represent the mass 
of the light to an observer stationary with respect to the first system 
of axes, and ml the mass as it appears to an observer stationary with 
respect to the other system. 
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If <j> is the angle from ki to k/ or from k 4 to k/, we have from (7) 

1— v 



m = m cosh <£ — m sinh <t> = m 



vr 



(20) 



where v = tanh # is the relative velocity of the two sets of axes. 
But this is in fact the very relation between the energy of a given 
particle of light as measured by two different observers whose relative 
velocity is v. It is therefore, as far as the energy relations are con- 
cerned, proper to consider a as a vector of extended momentum. 

The final proof of the desirability of considering the vector a as 
extended momentum comes when we consider the interaction of a 
light-particle with a particle of the ordinary sort. We shall see that 
the law of the constancy of extended momen- 
tum is true, and is only true, when we include 
the momentum of radiant energy as well as 
that of so-called material particles. 

Let the vector a (Figure 18) be the vector 
due to a light-particle, and b that due to a 
material particle which has the power of absorb- 
ing light. Then if our law of extended mo- 
mentum applies to a and b, there will be a 
single vector after impact equal to a + b which 
will represent the extended momentum of the 
material particle after it has absorbed the light. 
Let us choose any set of axes. Then 




/ 



Figure 18. 



a = ai ki + a 4 kj, b = b\ ki + bt k4, 

where Oi = ai is the mass of the light-particle, and 64 is the mass of the 
material particle before impact, while <ii and 61 = b t v are the respec- 
tive momenta. The momentum after impact is 

ai + bi = a 4 + 64 v. 

Hence the change in momentum of the material particle is equal in 
our units to the energy of the light absorbed, which gives at once the 
well known formula of Maxwell and Boltzmann for the pressure of 
light. _ 

While it is evident, therefore, that such a vector a satisfies fully all 
the conditions of an extended momentum, it must as a singular vector 
have properties quite distinct from those of a momentum vector 
which can be written in the form of m W. Since a singular vector 



WILSON AND LEWIS. — RELATIVITY. 



425 




Figure 



has zero magnitude we can ascribe to the light no finite value of mo 
or w. In this case, as in the case of inelastic impact between material 
particles, the total values of mo does not remain constant, but is larger 
after impact. In all cases we obtain the same results from the law 
of the constancy of extended momen- 
tum as those obtained by the appli- 
cation of the ordinary laws for the 
conservation of energy, mass, and mo- N 
mentum, whatever axes be arbitrarily 
chosen. 

Another simple illustration of these 
laws is furnished (Figure 19) in the 
case where the material particle does 
not absorb the light, but acts as a 
perfect reflector, which corresponds 
closely to elastic impact between / 
particles. Here a' and b' are the 
vectors of the light-particle and the 
material particle after impact; and 
these vectors are readily shown to be determined either by the condi- 
tion that the magnitude of b is equal to the magnitude of b', that is 
that the value of m for the material particle undergoes no change, or 
from the condition that the angle between b and a + b is the same 
as the angle between b' and a' + b'. This latter condition may in 
fact be regarded as necessary a priori, since it is the only construction 
which can be, in the nature of the case, uniquely determined. 

Let us now consider light traveling back and forth in a single line 
between two mirrors whose positions are fixed relative to one another. 

If the mirrors are very close to one another, 
we may as before consider the whole system 
as concentrated at a point. This gives us 
a new kind of particle, an infinitesimal 
one-dimensional Hohlraurn. Since how- 
ever the energy contained within the par- 
ticle is in part moving with the velocity 
of light in one direction and in part with 
the velocity of light in the other direction, 
we may draw two singular vectors (Figure 
20) to represent the extended momenta in 
the two directions. Now these vectors added together give a (5)-vector 
which will behave in every way like the extended momentum m W of 




\ 
Figure 20. 
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a material particle, and ?% represents the mass or energy of the Hohl- 
raum as it appears to any observer at rest with respect to it. To such 
an observer the amount of energy traveling in one direction appears 
equal to that traveling in the opposite direction, and the resultant 
momentum is zero. To any observer moving with the velocity v 
relative to the particle, the momentum is the difference between the 
momenta which he observes in the two directions, and the mass of 
the particle is increased in the ratio 1 / Vl — i) 2 . These results are 
all evident geometrically, and follow analytically from (20). 

The Non-Euclidean Geometry in Three Dimensions. 
Geometry, Outer and Inner Products. 

25. We shall now consider a three-dimensional space in which the 
meaning of points, lines, planes, parallelism, and parallel-transforma- 
tion or translation are precisely as in ordinary Euclidean geometry. 
In such a space, in addition to directed segments of lines or one-di- 
mensional vectors, we have directed portions of planes or two-dimen- 
sional vectors. Any two portions of the same or parallel planes 
having the same area and the same sign will be considered identical 
two-dimensional vectors, briefly designated as 2-vectors. The ordi- 
nary one-dimensional vectors may be called 1-vectors for definiteness. 
It is evident that the outer product axb of two 1-vectors in space is no 
longer a pseudo-scalar but a 2-vector lying in the plane determined 
by the two vectors and having a magnitude equal to the area of their 
parallelogram. 

The addition of two 2-vectors may be accomplished geometrically 
in the following way. Take a definite segment of the line of inter- 
section of the planes of the 2-vectors. In each plane construct on 
this segment as one side parallelograms equal respectively to the given 
2-vectors. Complete the parallelepiped of which these two parallelo- 
grams are adjacent faces. The diagonal parallelogram of the paral- 
lelepiped, passing through the chosen segment, is the vector sum; 
the diagonal parallelogram parallel to the chosen segment is the 
vector difference. 

Let us consider the outer product of a 1-vector and a 2-vector, 22 
axA. Let A be represented as a parallelogram, and a as a vector 
through one vertex; the product axA is the parallelepiped thus 

22 In general 2-vectors will be designated by Clarendon capitals (except in 
the case of the unit coordinate 2-vectors). 
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determined. This outer product axA, being three-dimensional in a 
three-dimensional space, is a pseudo-scalar; and different pseudo- 
scalars are distinguished only by magnitude and sign. 

If in axA we regard A as itself an outer product bxc, the parallel- 
epiped is written as ax(bxc). This same parallelepiped can be re- 
garded, with the possible exception of sign, as (a*b)><c. We shall in 
fact consider the sign as the same, and write 

ax(bxc) = (axb)xc = axbxc, 

so that the associative law holds for the three factors a, b, c. As 
bxc = — cxb, we shall write ax(bxc) = — ax(cxb), in order that 
we may keep the law of association for the scalar factor. By succes- 
sive steps we may write 

axbxc = — bxaxc = bxcxa; 

and hence the outer product of a 1 -vector and a 2-vector is not anti- 
commutative but commutative, namely, 

axA = Axa. 

All of these statements are valid in any geometry of the group charac- 
terized by the parallel transformation. 

26. In the three-dimensional non-Euclidean space, rotation about 
a fixed point is characterized by the existence of a fixed cone through 
the point, corresponding to the fixed lines in our plane geometry. 
An element of this cone always remains an element; points within the 
cone remain within, and points without remain outside. Besides the 
lines which are elements of this cone, or parallel to them, there are 
two classes, namely, 

(5)-lines through the vertex and lying within the cone, and all lines 
parallel to them, 

(7)-lines through the vertex and lying outside the cone, and all lines 
parallel to them. 

In like manner planes may be separated into classes. Besides the 
planes of singular properties which are tangent to the cone along an 
element, or planes parallel to these, there are 

(S)-planes through the vertex cutting the cone in two elements, and 
all planes parallel thereto, 

(7)-planes through the vertex and not otherwise cutting the cone, 
and all parallel planes. The former set, the (S)-planes, contain (8)- 
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lines and also (7)-lines; the latter set, the (7)-planes, contain only 
(7) -lines. 

Any plane passed through a given (5)-line cuts the cone in two ele- 
ments and is therefore a (5)-plane. The geometry of such a plane is 
the non-Euclidean plane geometry above described, and the elements 
of the cone are the fixed directions. The perpendicular in this plane 
to the given (5)-line is a (7)-line. The locus of the lines perpendicular 
to the given (5)-line in all the planes through the line is a (7)-plane. 
This (7)-plane will be called perpendicular to the (5)-line. Such a 
plane possesses no elements of the cone, that is, no lines which are 
fixed in rotation; hence the geometry of a (7) -plane is ordinary 
Euclidean geometry. In the plane any line may be rotated into any 
other line, and the locus of the extremity of a given segment issuing 
from the center of rotation is a closed curve which is the circle in that 
plane. Moreover, the idea of angle, and of perpendicularity between 
lines in the (7)-plane, being the same as in ordinary Euclidean geome- 
try, need not be further defined. 

A plane passed through a (7)-line may cut the cone in two elements 
and be a (S)-plane, or may fail to cut the cone and will then be a (7)- 
plane. 23 The perpendiculars to a (Y)-line will therefore be in part 
(5)-lines and in part (7)-lines, and the plane perpendicular to a (7)- 
line will therefore be a (5)-plane. Thus a plane perpendicular to a 
(S)-line is a (7)-plane, and a plane perpendicular to a (7)-line is a 
(S)-plane. 

In any three dimensional rotation one line, the axis of rotation, 
remains fixed, and points in any plane perpendicular to the axis remain 
in that plane. If the axis is a (5)-line, the rotation is Euclidean; if 
a (7)-line, non-Euclidean. 

When all possible rotations, Euclidean and non-Euclidean, about 
axes through a given point are considered, the locus of the termini 
of a (7)-vector of fixed interval, and a (5)-vector of equal interval, 
issuing from the common center of the rotations, is a surface which 
from a completely Euclidean point of view appears to be the two 
conjugate hyperboloids of revolution asymptotic to the fixed cone, 
but which from our non-Euclidean viewpoint is really analogous to 
the sphere. The (5)-lines cuts the two-parted hyperboloid; the (7)- 
lines, the one-parted. 

27. If we construct at a point three mutually perpendicular axes, 
two will be (7)-lines, and one a (5)-line. The unit vectors along these 

23 Planes tangent to the cone will be discussed later. 
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axes will be denoted respectively by ki, ks, and IE4. The outer products 
kixk 2 , kixk 4 k 2 xk 4 will be denoted for brevity by ki2, k 14 , k 24 . 

In terms of these arbitrarily chosen axes a 1 -vector may be repre- 
sented as 

a = ofc + ajs.2 + aJUi. 

Similarly a 2-vector may be represented by the sum of its projections 
on the coordinate planes as 

A = ^4l2k 12 + ^14k]4 + ^24k 2 4- 

If we had chosen k 2 t in place of ki2 as one of our unit coordinate 2- 
vectors, we should have written 

A = A 21 k 2 i + ^4i4ki4 + ^ 24 k 24 . 

Since A\ 2 ki 2 = A 2 i k 2t and ki 2 = — k 2 i, we have A\i = — A 2X . 
If we denote by k] 24 the outer product kixk 2 xk 4 , then 

km = — ki42 = ku 2 = — km = k 24 i = — k 2 i 4 , 

by the rules of outer products given above. In three-dimensional 
space these products are unit pseudo-scalars. 

In terms of their components we may now expand the two types 
of outer product which occur in three-dimensional space. In this 
expansion we employ the distributive law and the law of association 
for scalar factors. Then 

axb = (ai& 2 — 0261) k 12 + (aibi — aj>i) k 14 -f- (0264 — cubi) kw, 
axA = (ai^4 2 4 + 0^41 + a i A- i2 jki 2 A. 

At this point we may discuss the general characteristics of inner and 
outer products of vectors of various geometric dimensionalities in an 
n-dimensional space. In such a space we have vectors of 0, 1, 2, . . ., 
n-1, w-dimensions, designated as 0-vectors (or scalars), 1-vectors, 
2-vectors, . . ., (ra-l)-veetors, and n- vectors (or pseudo-scalars). The 
outer product of a p-vector and a (/-vector is a {p. + g)-vector; the 
product vanishes if by translation the p-vector and ^-vector can be 
made to lie in space of less than p + q dimensions. The inner product 
of a p-vector and a g-vector, where p = q, will always be defined as a 
(p~q) -vector. Thus whereas the inner product of a 1 -vector by a 
1 -vector is a scalar, the inner product of a 1 -vector and a 2-vector is 
a 1-vector. 

Both the inner and outer products will obey the distributive law, 
and the associative law as far as regards multiplication by a scalar 
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factor. Furthermore the outer product will always obey the associa- 
tive law, and the inner product the commutative law. 

28. The inner product of any 1-vector into itself may, by an im- 
mediate generalization of the definition in plane geometry (§14), 
be defined as equal to the square of its interval, taken positively for 
(7)-vectors, negatively for (d)-vectors. The inner product of two 
1-vectors is equal to the inner product of either one and the projection 
of the other upon it. The rules for the unit coordinate vectors are 
therefore 

ki'kx = k 2 'k 2 = 1, krkj = — 1, krk 2 = ki-ki = k 2 -ki = 0. 
The product of two vectors 

a = aiki + a 2 k 2 + aj/z^ b = &iki + 6 2 k 2 + bik it 

is a«b = aj>i + ajbi — aj>4. 

The inner product a« A of a 1-vector and a 2-vector will be a 1-vector 
in the plane A and perpendicular to a (that is, perpendicular to the 
projection of a on A); its magnitude will be equal to the product of 
the magnitude of A and the magnitude of the projection of a on A; 
its sign is best determined analytically. If a and b are perpendicular 
1-vectors we may make the convention 

(axb)-b = a(b'b), or (axb)«a = — b(a-a). (21) 

Thence follow the rules for the unit vectors, 

ki-ki 2 = — k 2 , krki4 = — ki, ki>k 24 = 0, 

k 2 -k 12 = ki, k 2 -ku = 0, k 2 -k 24 = — k4, 

ki'ki 2 = 0, ki-ku = — k b ki'k 2 4 = — k 2 . 

Hence 24 

a-A= ((hAn — a^u) ki + ( — aiAu — a^Au) k 2 + ( — aiA u — a 2 ^4 2 4)k 4 . 

24 We may show that these rules do give an inner product which in all cases 
agrees with the geometric definition above stated. 

The condition that a- A lies in the plane A is that the outer product of it 
and A shall vanish, that is, (a-A)xA = 0; the condition that it is perpen- 
dicular to a is that the inner product of it and a shall vanish, that is,, 
(a -A)' a = 0. These two products are 

(a-A)xA = [(02 An - a 4 Au)An + (ai ^12 + at ^24) An 

- (a%Au + azAu) AuAkw = 0, 

(a«A)^a = «i (02^.12 - 04^.14) - a-2(aiAi2 + 04^24) + <*4 {a\Au + 02^-24) = 0, 

as required. It is also necessary to show that the component of a perpendi- 
cular to A contributes nothing to the product a* A, so that the component in 
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The inner product of two 2-vectors is a scalar which is equal to the 
inner product of either vector by the projection of the other upon it. 
The inner product of two perpendicular 2-vectors is zero. The inner 
product of a 2-vector by itself is numerically equal to the square of 
its magnitude, and is positive in sign if the vector is of class (7), 
negative if of class (S). Hence we have as rules of inner multiplication 
for 2-vectors 

ki2'ki 2 = 1, ki4*ki4 = k-rkiM = — 1, 

ki2«ki4 = ki2'k 2 4 = ki4'k 24 = 0, 

A»A = An 2 — AJ — A i4 2 , A-B = A 12 B n — A u Bu — AuB^. 

29. Every 1-vector a, or 2-vector A in a three-dimensional space 
uniquely determines, except for sign, another vector (respectively 
a 2-vector or 1-vector) perpendicular to it and of equal magnitude. 
This vector will be called the complement of the given vector, and 
designated as a* or A* respectively. To specify the sign, the comple- 
ment may be defined as the inner product of the vector a or A and the 
unit 3-vector or pseudo-scalar ki24, where the laws of this inner product 
are 

ki'ki24 = k 24 , k 2 «ki24 = — k w , k^k^ = — k i2 , 

ka'km = kj, kM'km = k 2 , k 2 4«ki 24 = — ki. 

Thus 

a* = (aiki -j- a2k 2 + a fa) '1s.ru = — a 4 ki 2 — a 2 ki 4 + aik 24 , 

A* = (.4^12 + v4i4ki4 + 4^24) 'k m = — ^24ki + Aifa + Avfa. 

These complements satisfy the condition of perpendicularity pre- 
viously derived (footnote 24), and the inner products 



a* • a* = a? — a-? — ai 2 , 


a»a = a/ + ai — af, 


A*-A*= A u * + Au 2 - An 2 , 


A- A = A 12 2 — An 2 — A 2i 2 



the plane is alone of importance. We shall do this by deriving the expression 
for a vector perpendicular to the plane A. Let 

c = ci ki + c 2 k 2 + C4 k4, n = n\ ki + nfa + rn kt 

be respectively any vector in the plane A and a vector perpendicular to the 
plane. Then the products 

cxA = {ciAa — C2A14 + C44i 2 )ki 2 4 = 0, c-n = ci «i + c 2 n 2 — C4 «4 = 

vanish. Hence it follows that the condition of perpendicularity for the vectors 
n and A is 

n%: n 2 : rc 4 = An: — Au'- - An, 

and that n must be some multiple of ^24ki — Alfa — A\fa. By the rules, 
the inner product of this vector and A vanishes. 
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show that the magnitudes are equal. The reversal of sign is to be 
expected from the fact that the complement of a vector (whether 1- 
or 2-) of class (7) is a (S)-vector (whether 2- or 1-), and vice versa. 

The use of the term complement in connection with scalars and 
pseud o-scalars is sometimes convenient. Since, by the rule of inner 
multiplication, we have ki24 - ki24 = — 1, the complement of any 
pseudo-scalar is a scalar of the same magnitude and of opposite sign. 
We may define the complement of a scalar a as the product of the scalar 
and the unit pseudo-scalar; thus a* = ak^. 

All the special rules for the inner products of unit vectors (and 
pseudo-scalars) are comprised in the following general rule, which 
will also be applied in space of four dimensions: If either of two unit 
vectors has a subscript which the other lacks, the inner product is 
zero; in all other cases the inner product may be found by so trans- 
posing the subscripts that all the common subscripts occur in each 
factor at the end, and in the same order, by then canceling the com- 
mon subscripts, and by taking as the product the unit vector which 
has the remaining subscripts (in the order in which they stand), pro- 
vided that if the subscript 4 has been canceled, the sign is changed. 25 
Thus 
ki24-k 34 = 0, ki24*ki2 = kn2*k 12 = ki, k^-ki = — ku-ki. = — k 2 , 

kl24*kl = k]2, k 13 4'ku = — k314'kl4 = k3. 

30. Hitherto we have given little attention to the singular vectors 
of our geometry, namely, the lines which are elements of a singular 
cone and the planes which are tangent to a singular cone. We have 
seen (§ 14) that the inner product of a singular 1-vector by itself is 
zero, and have expressed that fact by stating that a singular line is 
perpendicular to itself. Analytically expressed, the condition that 
a 1-vector a shall be singular is that 

a* a = ai 2 + «2 2 — «4 2 = 0. 

25 Instead of regarding the common subscripts as canceled, it is possible to 
regard their corresponding unit 1-vectors as multiplied by inner multiplica- 
tion, — and in this case the change of sign takes care of itself. Thus 

l&pqr * fcgr = *^P («^g * k?) (k* • Kr) • 

Indeed if a, b, C are mutually perpendicular 1-vectors, then all the rules given 
above may be expressed in the equations 

(axb) • (axb) = (a • a) (b • b) , (axbxc) • (axbxc) = (a • a) (b • b) (c • c) , 

(axb)«b = a(b-b), (axb*c)'C = axb(c-c), 

(axbxc) • (bxc) = a (b • b) (c • c) . 
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Thus any singular vector may be written in the form 



a = aiki + 02k 2 =*= V ai 2 + ai ^4- 
The complement of a singular vector is 



A = a* = a»ki24 = ail&u — (hku =f "^ffli 2 + 02 2 ki2- 

This 2-vector A must be itself a singular plane vector; for we have 
seen that the complement of any (5)-plane is a (Y)-line and of any 
(7)-plane a (5)-line, and vice versa. The inner product of A by itself 
is obviously zero, 26 for, 

A«A = — a? — ai + (a t 2 + a^) = 0. 

Conversely if we consider any 2-vector 

A = A n ku + A u ku + AzJzm, 
such that 

A- A = A x ? — A M 2 — A M z = 0, 

its complement is a singular line, and it is itself a singular 2-vector. 
The standard form may be taken as 



A = ± \U 14 2 + ,4 24 2k 12 + Alibi + ^24. 

The outer product of a singular vector by its complement, whether a 
1-vector or a 2-vector, vanishes, as may be seen by multiplying out. 
Thus the singular vector and its complement lie in the same plane, 
that is, an element of the cone and the tangent plane through that 
element are mutually complementary. 

When we have to consider the inner product of any singular vector 
with any other vector, singular or not, the geometrical method de- 
pendent on projection often fails to be applicable; for it is impossible 
to project a vector upon a singular vector. We may in such cases 
employ the analytical method, which is universally applicable, or 
replace the inner product with an outer product by a method intro- 
duced in a following section (§ 32). 

We have seen that an element of the cone is complementary to the 
tangent plane to the cone through that element, that is, the element 
is perpendicular to the plane. Hence the element is perpendicular to 
every line in the plane (including itself). 

26 A singular vector, or vector of zero magnitude, has, like any other vector, 
a real geometrical existence and is not to be confused with a zero vector, that 
is, a non-existent vector. 
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31. We have seen that rotation in a (7)-plane about the perpendicu- 
lar (5)-line is Euclidean, whereas rotation in a (5)-plane about the 
normal (Y)-line is non-Euclidean. In this latter case not only do the 
(5)-planes normal to the axis remain fixed during the rotation, but 
the two singular planes through the axis and tangent to the cone also 
are fixed ; for the axis remains fixed and the lines in which the planes 
are tangent to the cone are respectively the two fixed lines in the (5)- 
plane. As every point in the axis of rotation is fixed, the whole set 
of lines parallel to the elements of tangency is fixed. The effect in 
the two singular planes of a rotation is therefore to leave one line, the 
axis, fixed point for point, to leave a set of lines fixed, and to move 
the points on these lines either toward the axis or away from it by 
an amount which is proportional to the interval from the point to 
the axis. 

Since a rotation in a (5)-plane multiplies all intervals along one of 
the fixed directions in a certain ratio, and divides all intervals along 
the other fixed direction in the same ratio, the effect upon areas in 
the two singular planes is to multiply all areas in one of the planes 
in that same ratio, and to divide areas in the other in that ratio. 
This however is not inconsistent with our condition that areas should 
remain invariant; for it is evident that, when compared with areas 
in other planes, areas in singular planes are all of zero magnitude. 
This is also shown by the fact that the inner product of any singular 
vector by itself vanishes. That areas in a singular plane have a zero 
magnitude does not prevent our comparing two areas in the same 
singular plane or in parallel singular planes, just as the fact that 
intervals along singular lines had zero magnitude did not prevent our 
comparing intervals along any such line. 

A limiting case of rotation occurs when the axis of rotation is itself 
an element of the cone, that is, a singular line. Here the infinity of 
fixed planes perpendicular to the axis, and the two singular planes 
through it, have all coalesced into the one singular plane through this 
line and tangent to the cone. In this plane the rotation consists in a 
sort of shear. Every point moves along a straight line parallel to the 
axis. In this case areas are rotated into areas which are from every 
point of view equal. For if a parallelogram whose base is on the axis, 
which is fixed point for point, is subjected to this rotation, its base 
remains fixed and the parallelogram remains enclosed between the 
same two parallel lines (Theorem IX). 

The geometry in this plane, depending upon translation and upon 
such a rotation as has just been described, is interesting as affording a 
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third geometry intermediate between the Euclidean and the non- 
Euclidean which we have discussed. In Euclidean plane geometry 
there is no line fixed in rotation, in our non-Euclidean plane geometry 
there are two fixed directions, in this new case there is just one. If we 
were to investigate this geometry, we should find one set of (parallel) 
singular lines and one set of non-singular lines. Every non-singular 
line may be rotated into any other. Angles about any point range 
from — oo to + po on each side of the singular line through that point. 
The interval along any line intercepted between two singular lines is 
equal to the interval along any other line thus intercepted. Every 
non-singular line is perpendicular to the singular lines, as the singular 
line is complementary to the singular plane through it. 

Some Algebraic Rules. 

32. We shall develop here a number of important relations be- 
tween outer products, inner products, and complements which will be 
of frequent use later. Many of these relations hold in any number 
of dimensions. We shall consider primarily a non-Euclidean space 
in which one of a set of mutually perpendicular lines is a (5)-line, the 
rest being (7)-lines. But except for occasional differences of sign, 
the results are valid in a Euclidean space. 

In a space of n dimensions, the complement of a vector of dimension- 
ality p is itself of dimensionality n — p. If a is a scalar and a is a 
vector of any dimensionality, then from the associative law for scalar 
factors, we have 

(aa)* = (aa) •ki 2 ... B = (aki 2 ... n )'a = a(a-ki2...„) = a*-a = oa*. (22) 

Let a, P, ... be vectors of the respective dimensionalities p, 

q Then 

/5x a = (— 1)p«ox/?. (23) 

Owing to the availability of the distributive laws it is sufficient to 
prove such relations as this for the simpler case where the constituent 
vectors a, /? are unit vectors k„..., k h ... of dimensionality p, q. 
In the permutation of a a"nd /?, there are involved pq simple transposi- 
tions of subscripts; for each subscript in k^... has to be carried 
past all the subscripts of k ( ... Hence there are pq changes of sign. 
Hence the outer product is commutative if either of the factors is 
even, but is anti-commutative if both factors are odd in dimensiona- 
lity. 
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We may next show that 

(ax/?)* = a-/?*. (24) 

Suppose again that a, /? are unit vectors k„..., k^... . We have to show 

(k B ...xki...)«ki... = k f ...'(ki...-ki...), 

where k^.. denotes the unit pseudo-scalar. Without changing this 
equation, it is possible on both sides to arrange at the end, the sub- 
scripts of the pseudo-scalar ki... in the same order as in the factors 
k„..., ks„. Thus we have to show that 

(kg...-xkh...)'kj... g ... h ... = k g ...'(k.h--'kj...g...h...). 

But now the products on the right are found by canceling succes- 
sively the common subscripts h . . . and g . . . ; whereas the product 
on the left is found by canceling simultaneously the subscripts of 
k ff ...j... . The identity is therefore proved. 

As a corollary of the two preceding results we may write the formula 

(ax/?)* = (— l)P3(/?xa)* = a-/?* = (— 1) »>«/?• a*. (25) 

All these rules are true for any space, Euclidean or non-Euclidean. 
The complement of the complement of a vector a is the vector 
itself, except for sign. If a is of dimensionality p in a space of n 
dimensions, the exact relation is 

( a *)* = _ (_ l)p("-p> a . (26) 

The complement of the complement of a vector will therefore be the 
negative of the vector except when p (n — p) is odd, that is, when the 
dimensionalities of the vector and of the space are respectively odd 
and even. 27 For the proof, the consideration may be restricted to 
the case where a is a unit vector k s ... . Then 

(a*)* = (k„...«k;...>ki... = (k 5 ...-k,'... 5 ...)-k,-... s ... 

= (-l) P (»-p)(k s ....k i ...„...).k 9 ...;... 

Here again the subscripts in the pseudo-scalar k;... have been re- 
arranged so as to bring g . . . to the end. Then as g . . . denotes p 
subscripts and j . . . denotes n — p, the permutation involves p (n — p) 

27 In Euclidean space (a*)* = (— l) p(n— p, a. Some writers who have identi- 
fied vectors with their complements have perhaps overlooked this relation 
which would, upon their assumption, make a vector sometimes identical with 
its own negative. 
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changes of sign. In the final form thus found the subscripts g . . . 
and j . . . have successively to be canceled. But one of these is 
necessarily the subscript 4 (corresponding to the (5)-vector), which 
requires a change of sign. Hence 

(k 9 ....ki...).k,-... = - (- l)»<*-«%,..., 

and the desired result is proved. 

Consider the product a* -ft*. We have by (24) either 

a *.p* = (a*x0)* or /?*-a* = (/?*xa)*. (27) 

Now, although a* •/?* and /?* • a* are equal, the two expansions obtained 
are usually different. In fact, as the total dimensionality of an outer 
product cannot exceed n, the first formula holds only when p = q, 
and the second only when q = p. Let us assume q = p. Then 

a *./?* = /J*. a * = (/?*xa)* = (— l)J><»-«> (ax/?*)* 

= (_ i)p(»-8) a ./}** = _ (_ l)f«-pX»-«> „•/?. (28) 

As a corollary 

a *. a* = —a-a. (29) 

The complement of an inner product may likewise be proved to be 

(„•/?)* = (— 1)^-Wax/?*, (30) 

where it is assumed that the product a*/? has been so arranged that 
the second factor is of dimensionality q greater than the dimension- 
ality p of the first. We have furthermore 

a*xa=(a-a)*; (31) 

and also if /? is a pseudo-scalar 

(a-/?)* = (— l)p(»-P>/?*a = /?-a*. (32) 

It is important to observe that by means of these rules it is possible 
to replace any outer product by an inner product, and vice versa. 

33. We are now able to obtain rules for the expansion of the vari- 
ous products in which three vectors occur. The simplest type, and 
one which needs no further comment, is 

(ax/?)x T = ax(/?x 7 ), (33) 

which follows from the associative law. 
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Consider next the product a*(bxc) of three 1-vectors. Here 

a-(bxc) = (a-c)b — (a«b)c. (34) 

Perhaps the simplest proof is obtained from the relation 28 

_ (b'C)c C'(bxc) 
c-c c-c 

which states that a vector is equal to the sum of its components. 
By clearing and transposing, and by permuting the letters, we have 

c-(bxc) = (c'C)b — (c-b)c, 
b-(bxc) = (b-c)b — (b-b)c. 

If now d is any vector perpendicular to b and C, we have identically 

d.(bxc) = (d-c)b — (d-b)c= 0. 

If these equations be multiplied by x, y, z and added, we have 

(xc + yb + zd) • (bxc) = [(xc + yb+ zd) • c]b — [(xc + yb + z&) • b]c, 

and any vector a may be represented in the form xc + yb + zd. 

From the rules (33), (34) combined with the rules (22)-(32) we may 
obtain a number of other reduction formulas by simply taking comple- 
ments of both sides of the equation. 

Thus 

(axb)-C = a-(b-C) = — b-(a-C). (35) 

28 With the aid of inner and outer products we may write down expressions 
for the components of a 1-vector a along and perpendicular to another 1-vector 
b or a 2-vector A. The components of a along b and perpendicular to b are 

(a«b)b , (axb)-b 

-sor and n^b~ 

The components of a along A and perpendicular to A are 

(a-A)^A , (axA)^A 

ATA- and ~^A- 

The component of the plane A on the plane B is 

(A-B)B 
B-B ' 

and a vector in the line of intersection of the two planes is 
A*.B or A.B*. 
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For by (33) and (24), 

[(axb)xcl* = [ax(bxc)]*, 

(axb)-c* = a-(bxc)* = a-(b-c*). 

But since C is any 1 -vector, its complement C is any 2-vector. 
Again, 

ax(b'C) = (axC)-b — (a-b)C. (36) 

For by (34), (22), and (30), 

[a-(bxc)]* = [(a-c) b]* - [(a-b) c]*, 

(_ i)K3-i) ax(bxc)* = (— l) 1 * 3 - 1 * (axc*)-b — (a-b) c*, 

ax(b«C) = (axC)-b — (a>b)C. 
Again, 

(b-C)xA = — Cx(b-A). (37) 

For from (35), (30), and (24), 

[C-(axb)]*= [(b-C)-a]*, 

(_ i)2(3-2) Cx(axb)* = (— l) 113 - 1 ' (b-C)xa*, 

— Cx(bxa)* = — Cx(b-A)=(b-C)xA. 
Again 

. (b-C)-A = — b(C-A) + C-(bxA). (38) 

For from (36), (24), (32), (22), and (30), 

[(b-C)xa]* = - [b-(Cxa)]* + [C(b-a)]*, 
(b-C)-A= — b(Cxa)* + C-(b-a)*, 

= - b(O-A) + (-l)K 3 -DC.(bxA). 

These rules (33) to (38) involve every possible combination of three 
vectors in three dimensional space. Since the formulas which we 
have used in deriving them, have the same form in Euclidean space, 
the rules will be true in Euclidean space. The particular use of the 
complement has implied a three dimensional space, and a similar use 
of the complenent in a four dimensional space would obtain analogous 
but different formulas; it should be observed, however, that the rules 
here obtained (with the exception of (37)) must hold in space of four 
dimensions, even when the three vectors in question do not lie wholly 
in a three dimensional space. For consider (36) as a typical case. 
Let b be a 1-vector which does not lie in the space of a and C ; we 
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may write b = b' + b", where b' is in the space of a and C and b' 
is perpendicular to a and C. Then by (36) 



and 



ax(b'-C) = (axC)-b' — (a-b') C, 
ax(b"-C) = (axC)-b" — (a-b")C 



holds identically, since each of its terms vanishes. Hence by addition 
(36) is seen also to hold in general. 

Some products involving more than three 1-vectors are of frequent 
occurrence. By (35) and (34) we may write immediately 



(axb)'(cxd) = (&'c) (b-d) — (b«c) (a-d) = 
In a similar manner we may prove 

(axbxc) • (dxexf ) = 



a»c a»d 
b-c b-d 



(39) 



a-d a«e a*f 
b-d b«e b«f 
c-d c«6 c-f 



and 

(axb) • (cxdxe) = (axb) • (dxe) c + (a*b) • (exc) d + (axb) • (cxd) e. 

These formulas are all valid in space of any dimensions. 

The Differentiating Operator V. 

34. In discussing the differential calculus of scalar and vector 
functions of position in space, the vector differentiating operator V is 
fundamental. The definition of this operator may be most simply 
obtained as follows. Consider a scalar function F of position in space. 
Let dx denote any infinitesimal vector change of position, and let dF 
denote the corresponding differential change in F. Then let V be 
defined by the equation 

dF = dx-S/F. 

Now \7F is a vector. If dv is a vector in the tangent plane to the 
surface F = const., dF is 0, and as dT'\7F then vanishes, the vector 
dr and X7F are perpendicular. Hence "VF is a vector perpendicular 
to the surface F = const.' Now V F may be a vector of the (5)- 
class or of the (y) -class, and the tangent plane is then respectively 
a (7)-plane or a (S)-plane. 29 



29 In our non-Euclidean geometry v F will not be a vector in the line of the 
greatest change of F. If dr be written as U ds, where U is a unit vector in the 
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If we select three mutually perpendicular axes ki, k 2 , ki, and denote 
by xi, X2, Xi the coordinates (intervals) along these axes, then 

dF = dxi - — h dxi \- dx t — - = (<faiki + (fa^ + dxj&i) • V-f- 

oxi 0x2 dXi 

From this V may be determined as 

V=k 1 /- + k 2 ^--k 4 |-- (40) 

dxi 0x2 dx* 

Thus V appears formally as a 1 -vector, and may be treated formally 
as such. 30 

direction of dr and where ds is the interval or magnitude of dr, we may write 
dF = dsU'VF or wvF = — • 

ds 

Hence the component oivF along the direction dr is the directional derivative 
of F in that direction. Consider now two neighboring surfaces of constant F. 
Suppose first that the (approximately parallel) tangent planes to the surfaces 
are of class (-y), so that the perpendicular vf is a (s)-vector. Then, in 
our geometry, the perpendicular from a point on one surface to a point of the 
other is, of all lines of its class, the line of greatest interval ds (§12). The 
directional derivative along the normal is therefore numerically a minimum 
(instead of a maximum) relative to neighboring directions. In fact, the 
derivative along a line of fixed direction would be infinite, because along the 
fixed cone ds — 0. Along the (-r)-lines the directional derivative varies 
between and 00 . Suppose next that the tangent planes are of class («), so 
that the perpendicular vF is a ( T )-line. Then the interval ds along the 
perpendicular from a point on one surface to a point on the other is neither a 
maximum nor a minimum, but a minimax. For it is less than along any 
neighboring direction (of the same class) which with the perpendicular 
determines a M-plane, but greater than along any neighboring direction 
(of the same class) which with the perpendicular determines a (s)-plane. 

30 The above definition of VF depends on inner multiplication, and hence 
upon the notion of perpendicularity or rotation. It is, however, interesting 
to observe that we may define a differential operator v' dependent upon the 
outer product, and hence upon the idea of translation alone. The definition 
would then read 

axbxcdF = drxV'F = (&dxi + bdXi + cdxi)-x.V'F, 
where a, b, C are any three independent vectors, and where xi, xt, x, are co- 
ordinates referred to a set of axes along a, b, c. Then 

v - bxc /- + cxa^- + axb ^-- (41) 

dxi dxi dxs 

Now v' may be regarded as a 2-vector operator in the same sense as v is 

regarded as a 1-vector. To show the relation of v' to V, when the ideas 

of perpendicularity are assumed, we may take a, b, C as ki, ks, k4 and X3 as 

xi. Then 

v = k,*- +k„f +k„f - (kj- +k,-/ - k,|-y. 

0x1 dx% dxi \ dxi dxt dx t J 

Thus V' is the complement v* of V. In fact if 

(dF)* =drxv>F and dF = dr-vF, 
our rule of operation (30) shows that v' = V*. 
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If we consider a field of 1 -vectors, that is, a 1 -vector function £ 
of position in space, we are naturally led to enquire what meaning, 
if any, should be associated with the formal combinations 

V-f and Vxf 

obtained by operating with the 1-vector V. Let 

f {x h x 2 , xi) = /jk, + / 2 k 2 + / 4 k 4 . 



Then 



V . f= *iL+^ + ^ 



dxi dx2 dxi 

V xf = (& -^]k Vi +(^ ± + ^k 14 + (^ + ^)k 24 
\dxi dxi) \dxi dXiJ \dx2 dxj 

Of these the first, V • f , is a scalar function of position, and the second, 
Vxf, is a 2-vector function of position. They correspond respectively 
to the divergence and curl in Euclidean three dimensional space. 
The first, V • f, has indeed the same form as usual. And this was to be 
expected: for physically or geometrically the idea of divergence 
depends on translation alone and not on rotation, and it would also 
have appeared analytically evident if we had used in the definition 
of divergence the operator V * instead of V. The second, V x f, 
differs from the ordinary curl not only in that we have retained it as 
a 2-vector (instead of replacing it by the 1-vector, its complement, 
as is usually done in Euclidean geometry of three dimensions), but 
also in that it represents non-Euclidean rotation in the vector field in 
the same sense that the curl represents ordinary rotation. 

If F is a scalar function of position, then V F is a 1-vector function. 
We may then form 

V-V-P, VxV* 1 . 

Of these the second, VxV F, vanishes identically, as may be seen by 
its expansions or by regarding it as an outer product in which one 
vector is repeated. The first, V • V F, may be expanded as 

d 2 F , d 2 F d 2 F 



V'VF = —. ; + 



V2~ dxi 1 



and V • V corresponds to Laplace's operator in Euclidean geometry. 
If f is a 1-vector function, there are four different expressions which 
involve the operator V twice, namely 

VV-f, V-Vf, V-Vxf, V*Vxf. 
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Of these the last is a 3-vector function, which clearly vanishes identi- 
cally. The first three are 1-vector functions, and are connected by 
the relation 

VV*f = V(V-f)- V-Vf, 

as may be seen by expansion or by the application of (34). 

Kinematics and Dynamics in a Plane. 

35. The three dimensional non-Euclidean geometry which we 
have developed is adapted to the discussion of the kinematics and 
dynamics of a particle constrained to move in a plane. The two 
dimensions of space and the one of time constitute the three dimen- 
sions of our manifold. Any (Y)-plane in this manifold may be called 
space, and extension along the complementary (5)-line may be called 
time. As in the simpler case, any (5)-line represents the locus in 
time and space of an unaccelerated particle, and any (5)-curve the 
locus of an accelerated particle. If we choose any two perpendicular 
axes Xi, x 2 of space, and the perpendicular time axis x<t, then if the locus 
of any particle is inclined at the non-Euclidean angle <j> to the chosen 
time axis, the particle is said to be in motion with the velocity v 
of which the magnitude is v = tanh <t>. 

For the locus of a particle let 



: I ^dxi — 



dx? 



be the arc measured along the (5)-curve, and let r be the radius vector 
from any origin to a point of the curve. Then the derivative of r by 
* is the unit tangent W to the curve. We have 

, dx\ . . dxi , dxi 

If the velocity v is v = ki— 1 + k 2 ~r^> 

ax* axi 

then since -j- = cosh <f> = 



ds "«"*'- vr 



we write 31 



w=- J J=(k 1 ^+k 2 ^+k 4 )=^±^. (42) 

VI —iP\ dx 4 dxi J Vl _ ^ 

31 By a transformation to a new set of axes we may derive at once the general 
form of Einstein's equation for the addition of velocities. 
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To obtain the vector curvature of the locus we write 
dw dxi dw 1 



c = 



ds 



or 



ds dxi 

1 



rfv , v+ kt dv 

1 — v 2 dxi (1 — v 2 ) 2 dx\ 



rfv v+ k 4 dv 

C ~ 1— v 2 dt + (l—v 2 y V ~di 



(43) 



If V be written as V = vu, where U is a unit vector, the resolution of c 
into three mutually perpendicular components along U, k4, and du 
follows immediately: 

du 



u 



c = 



dv 

dt 



dt 



vk. 



(1—v 2 ) 2 
The magnitude of C is 



Vcc = 



1 



M 2 
dtj 



+ 



dv 
dt 



(1— » 2 ) 2 



(44) 



„du du 

v — • — 
dt dt 



L(l 



v«v + 



„2)3 ' (1_ S 2)2_ 
1 



;(V-V) 2 



(45) 



1 



a-v*y 



i — » 2 

[V'V — (vxv) • (vxv)]*. 



In case the acceleration is along the line of motion, these expressions 
reduce to those previously found; the additional term is due to 
the acceleration normal to the line of motion. 

36. Mass may now be introduced just as in the simpler case already 
discussed, and here likewise we are led to the equation 



m = 



m 



vr 



The extended momentum in this case is also moW, that is, 

mow = mv + mk 4 . (46) 

We may speak of w as the extended velocity, of c as the extended 
acceleration, and of m$c as the extended force. It is to be noted that 
while ordinary momentum is the space component of extended momen- 
tum, ordinary velocity, acceleration, and force are not the space com- 
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ponents of the corresponding extended vectors. Indeed the space 
component of the extended velocity is V/ Vl — » 2 . The ordinary 
force, measured as rate of change of momentum, is 

do du 

. _ dmv _ ay dm _ dt dt . . 

1 ~ ~dt~~ m Jt + V dt ~ (l _ „ 2 )* (1 - v")i' l ' 



which is the space component of m C multiplied by Vl — v 2 . 
It is evident that in our mechanics the equations 

f = — =- and £ = ma, 
dt 

where a = rfv/<ft, are not equivalent, and it is the first of these which 
we have chosen as fundamental. This makes the mass a definite 
scalar property of the system. Those who have used the second of 
the equations have been led to the idea of a mass which is different 
in different directions, and indeed have introduced as the " longitudi- 
nal" and the "transverse" mass the coefficients 

Wo mo 



(1 - v*)* (1 — fl 2 )* 

of the components of acceleration along the path and perpendicular 
to it, that is, of the longitudinal and] transverse accelerations, which 
are respectively 

dv du 

U dt' '*" 

The disadvantages of this latter system are obvious. 

An interesting case of planar motion is that under a force constant 
in magnitude and in direction, say f x = 0, /„ = — k. The momen- 
tum in the z-direction is constant, that in the ^-direction is equal to 
its initial value less Id. From these two equations the integration may 
be completed. Or, in place of the second, the fact that the increase 
in mass (that is, energy) is equal to the work done by the force, may be 
used to give a second equation. The trajectory of the particle is 
not a parabola, but a curve of the form y + a = — b cosh (ex — d), 
resembling a catenary. 

The space-time locus of uniform circular motion is a helix 

r = a(kicosn< + l^sinnO + ^4- 
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Then 

mv = man( — kx sin nt + k 2 cos nt) + mk 4 , 

f = — — — — man 2 (ki cos nt + k 2 sin nt) = — mn 2 x s , 
at 

where r„ is the component of r on the two-dimensional "space." 
The force is directed toward the center, as usual. It may be observed 
that if in general the force is central, the moment of momentum is 
constant. For if 

7 J J 

j (mv) = f, IV<- (mv) = j t (r^mv) = r s xf = 0. 

That the rate of change of moment of momentum is equal to the mo- 
ment of the force is therefore a principle which holds in non-Newtonian 
as in ordinary mechanics. 

The Non-Euclidean Geometry in Four Dimensions. 

Geometry and Vector Algebra. 

37. Consider now a space of four dimensions in which the elements 
are points, lines, planes, flat 3-spaces or planoids, and which is sub- 
ject to the same rules of translation or parallel-transformation as two 
or three dimensional space. If a and b are two 1-vectors, the product 
axb is a 2-vector, that is, the parallelogram determined by the 
vectors. The parallelograms axb and bxa will be taken as of 
opposite sign, but otherwise equal. The equation axb = ex- 
presses the condition that a and b are parallel. If C is any third 1- 
vector, not lying in the plane of a and b, the product axbxc, 
which is now itself a vector will represent the parallelepiped deter- 
mined by the three vectors. The condition axbxc = there- 
fore states that the three 1-vectors lie in a plane. If now d is a fourth 
1-vector, not lying in the 3-space or planoid determined by a, b, c, 
the product axbxcxd will represent the four dimensional parallel 
figure determined by the vectors. This product is a pseudo-scalar 
of which the magnitude is the four dimensional content of the 
parallel figure. The condition axbxcxd = shows that the four 
vectors lie in some planoid. In all these outer products the sign is 
changed by the interchange of two adjacent factors, as in the case of 
lower dimensions. Moreover, the associative law, the distributive 
law, and the law of association for scalar factors will also hold, as is 
evident from their geometrical interpretation. 
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Two 1 -vectors are added in the ordinary way by the parallelogram 
law. The same is true of two 2-vectors if they intersect in a line, that 
is, if they lie in the same 3-space (§ 25). It is, however, clear that in 
four dimensional space it is possible to have two parallelograms which 
have a common vertex but which do not lie in any planoid, that is, 
do not intersect in a line. For two such 2-vectors the construction 
previously given for the sum is not applicable, and it is indeed impossi- 
ble to replace the sum of the two 2-vectors by a single plane vector. 
The sum may, however, be replaced in an infinite variety of ways by 
the sum of two other 2-vectors. For if A and B are any two 2-vectors, 
and if a and b be two 1 -vectors drawn respectively in the planes of A 
and B, then the 2-vector a*b = C may be added or subtracted from 
A and B so that 

A + B = (A + C) + (B — C) = A' + B'. 

The sum of more than two 2-vectors can, however, always be reduced 
to a sum of two. For if three planes in four dimensional space pass 
through a point, at least two must intersect in a line. A sum of 
2-vectors, which is not reducible to a single uniplanar or simple 2- 
vector will be called a biplanar or double 2-vector whenever it is 
important to emphasize the difference. Since the analytical treatment 
of these two kinds of 2-vectors is not materially different, they will be 
designated by the same type of letters (clarendon capitals). 

A vector of the type axbxc will be called a 3-vector. As two planoids 
which have a point in common, intersect in a plane, a geometric 
construction for the sum of two 3-vectors may be given in a manner 
which is the immediate extension of the rule for 2-vectors in three 
dimensional space. The sum of two 3-vectors is always a simple 
3-vector. 

In respect to rotation and to the classification of lines, planes, and 
planoids, our four dimensional geometry will be non-Euclidean in 
such a manner as to be the natural extension of the non-Euclidean 
geometries of two and three dimensions which have been already 
discussed. As in two dimensions there were two fixed lines through a 
point, and in three dimensions a fixed cone, so in four dimensions 
there will be a fixed conical spread of three dimensions, or hypercone, 
which separates lines within the hypercone and called (5)-lines, from 
lines outside the hypercone, which are called (7)-lines. Besides the 
singular planes which are tangent to the hypercone, there are two 
classes of planes, namely, (S)-planes which contain a (5)-line, and (7)- 
planes which contain no (5)-line. Besides the singular planoids which 
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are tangent to the hypercone, there are two classes of planoids; namely, 
(5)-planoids which contain a (S)-line, and (7)-planoids which contain 
no (5)-line. In the (Y)-planoids the geometry is the ordinary three 
dimensional Euclidean geometry; in the (S)-planoids the geometry 
is that three dimensional non-Euclidean geometry which we have 
discussed at length. 

Every (5)4ine determines a perpendicular planoid of class (7), and 
every (7)-line determines a perpendicular planoid of class (8). Thus 
if we construct four mutually perpendicular lines, one will be a (S)-line, 
and three will be (7)4ines. A plane determined by one pair of these 
four mutually perpendicular lines is completely perpendicular to the 
plane determined by the other pair, in the sense that every line of 
one plane is perpendicular to every line of the other, and the planes 
therefore have no line in common. In general every plane determines 
uniquely a completely perpendicular plane. One of the planes is a 
(7)-plane and the other is a (5)-plane. 

As in our previous geometries, perpendiculars remain perpendicular 
during rotation. If then in a rotation any plane remains fixed, its 
completely perpendicular plane will also remain fixed; and a general 
rotation may be regarded as the combination of a certain ordinary 
Euclidean rotation in a certain (7) -plane, combined with a certain 
non-Euclidean rotation in the completely perpendicular (5)-plane. 

38. Let ki, k2, k3, k4 be four mutually perpendicular unit vectors 
of which the last is a (6)-vector. The six coordinate 2-vectors may 
then be designated 32 as ku, k 2 4, k 34 , k23, ksi, k] 2 . There are furthermore 
four coordinate unit 3-vectors k 23 4, kau, ki24, ki23; and a unit pseudo- 
scalar ki234. We may represent 1-vectors, 2-vectors and 3-vectors, 
as the sum of their projections on the coordinate axes, coordinate 
planes, and coordinate planoids. Thus 

a = aiki + a 2 k 2 + a 3 k 3 + ajs^, 

A = 4l 4 kj4 + ^24k 24 + ^34k 3 4 + ^afe + -4 3 lk 3 l + ^4l 2 kl2, 
H = 2( 23 4k 23 4 + 8t 3 l4k 3 u + Stl 2 4kl24 + 2Il23kl23. 

The outer product of any two vectors is defined geometrically and 
expressed analytically in a manner entirely analogous to that of the 
simpler cases already discussed. We thus obtain the following equa- 
tions for the different types of products. 

32 The particular order of subscripts is chosen for convenience only. 
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axb = — bxa = (a^ — aA)ki4 + ((hh — a^ku + («3&4 — a4& 3 )k 34 
+ (a 2 6 3 — a 3 6 2 )k23 + (flfc&i — aiWksi + (aA — a 2 & x )ki 2 , 

axA = (02^34 «3^24 + «4^23)k 2 34 + («3^14 «1^34 + a4^3l) k 3) 4 

+ (ax^24 — aiAxi + a 4 ^i 2 )ki 2 4 + («i^23 + «2^3> + 03^12) km, 

axB = — Bxa = (ai9l 23 4 + <h%u + a 3 2fi 2 4 — a42ti 23 )ki 2 34, 

AxB = 04i4-B 23 + AuBsi + A^B n + A^Bu + A 3 iB 2i + ^12.834) k i2 34. 

The outer product of two vectors the sum of whose dimensions is 
greater than four vanishes. The outer product of a vector by itself 
vanishes except in the case of the biplanar or double 2-vector where 
the product becomes 

AxA = 2{A u Aiz. + AuAzi + ^34^12) k )23 4. 

If the biplanar vector be written as A = B + C, where B and C are 
two simple plane vectors, the product may be written 

AxA = (B + C)x(B + C) = 2BxC. 

It thus appears that AxA is twice the four dimensional parallele- 
piped constructed upon any pair of planes into which the double 
vector may be resolved. The vanishing of the outer product, AxA 
= 0, is the necessary and sufficient condition that A be uniplanar. 

The general rule for all cases of inner product has been stated (§ 29). 
We may tabulate the following cases. 

a«b = aj>i + a 2 6 2 + ash — 04&4, 

a- A = (a 2 J X2 — a z An — atAu) ki + (— a^4 ]2 + azA iZ — a^An) k 2 

+ (aiAsi — (hA-x — a^) k 3 + (— Mk — 02^24 — 03^34) kj, 

a-S = (a 3 3t 3 H — c^SW) k M + {a$. m — a 3 2l234) k 2 4 

+ (0^234 — aAu) k 34 + (aiSl 123 — a 4 3I 234 ) k 23 
+ (aMm — a 4 9l 3 i4) k 3 i + (a 3 2ti 23 — aM m ) k ]2 , 

A-B = — AuBu — AzJizi — AsiBm + ^i 23 -B 23 + ^4 3 iB3i + A^Bn, 

A- H = (- A 2i % 1U + A Si %U + ^23«,23) k X + {Av&M — A U %2U 

+ A n X m ) k 2 + (- A H %U + A*%H + Ai&m) fo 

+ (A n %u + A sl %u + An% m ) k 4 , 

H-B = - 2W8234 - 3l 3 i4»3i4 - 9I124S124 + 3WW 

The geometrical interpretation of these inner products follows the 
same lines as before. The inner product of a vector into a vector 
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of equal dimensions is a scalar, and is the product of either into the 
projection of the other upon it. In the case where a biplanar 2-vector 
is projected, or is projected upon, each simple plane has to be treated, 
and the results compounded. That this may be done follows at 
once from the distributive law. The product of two vectors of dif- 
ferent dimensionality is a vector of which the dimension is the differ- 
ence of the dimensions of the factors; this vector lies in the factor 
of larger dimensions and is perpendicular to the factor of smaller 
dimensions. However, the product a* A, if A is biplanar, is com- 
pounded of two 1-vectors lying in the two component planes. 

The complement of a vector is again defined as its inner product 
with the unit pseudo-scalar ki2M- The complement of a 1 -vector is a 
perpendicular 3-vector, and vice- versa; that of a simple 2-vector is 
the completely perpendicular 2-vector. "We may tabulate the results 
for the unit vectors. 

kl23» 



kj* = 


— k234, 


k 2 * = 


k314, 


k 3 * = 


kl24, k4 — 




k u * = 


k23, 


k 24 * = 


— k 3 i, 


k 34 * = — ki2, 




k 23 * = 


ki4, 


k 3 i* = 


k24, 


kl2 = k34, 


k 2 34* = 


-ki, 


W = 


-k 2 , 


kl24* = 


— ■ k3, kl23 = 



k 4 . 

With the aid of complements a unique resolution of a given 2-vector 
into two completely perpendicular parts may be accomplished. Sup- 
pose the resolution effected as 

A = kM + raN 

where M is a unit vector of class (7) and N one of class (5) so chosen 
that MxN is a positive unit pseudo-scalar. Then 

A* = — »M + mN, 

, , _ tftA • — wA* „ wA + mA* 
and M = — r- — > N = r— — r • 

Tx , to 2 A — mnA* , « 2 A + wmA* 

Hence A = f- 

mr + n z m z + n l 

Let p = A> A = m 2 — n 2 , q = A* A* = — 2mn. 

The quantities to, n may then be expressed in terms of p, q, that is, 
in terms of A* A, A* A*. The result is 

A= 1 (Vp'+g*+2>)A+gA* 1 (Vp>+ g *-p)A- g A* 

2 V + q 2 2 ^P 2 + q 2 
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The general relationships between products of vectors and their 
complements have been developed in a previous section for a space 
of any dimensions. It was there shown that (except 37) formulas 
(34)-(39) for the expansion of all types of products involving 1-vectors 
and 2-vectors would be true in higher dimensions, and this is true 
even if the 2-vectors involved happen to be biplanar, because any such 
vectors is the sum of two uniplanar vectors and the equations are 
linear or bilinear in the vectors. Similar equations may, if occasion 
requires, be developed for products involving 3-vectors. 

39. We have not yet considered those vectors whose inner products 
with themselves are zero. The case of the 1-vectOr, which is an ele- 
ment of the hypercone, need not be treated again in detail. For 
such a vector 

a«a = ai 2 -f- a 2 2 '+ a£ — a 4 2 = 0. 

A uniplanar 2-vector such that A* A = satisfies the conditions 

AxA = 2 (AuAz, + A^An + ^34^12) ki2M = 0, 

A- A = - Ad - Ad - Ad + Ad + Ad + Ad = 0. 

Such a vector is obviously a plane tangent to the hypercone; for it 
can be neither a (7)- nor a (5)-plane. The singular plane has the 
same properties as in three dimensional space. The element of 
tangency may be found as follows. If a is any vector, a* A is a line 
in the plane A, and (a • A) • A is a perpendicular line of the plane. But 
the only line which is perpendicular to another line in this peculiar two 
dimensional space is the singular line, that is, the element of tangency 
with the hypercone. If kj be taken as a, the element may be written 
as 
(k 4 -A)-A = kn {AmA u — AuA n ) + k 2 (^14^12 — ^34^23) 

+ k 3 (^24^23 - A u An) +. k4 (Ad + Ad + Ad), 
an equation which we shall find serviceable. 

The complement of a uniplanar singular 2-vector is itself such a 
vector, and it may readily be shown to pass through the same element 
of tangency. Indeed through every element of the hypercone is a 
whole single infinity of tangent planes which are mutually comple- 
mentary in pairs. 

If a 2-vector be biplanar, that is, if AxA is not zero, the condition 
A'A = is satisfied when, if the vector be resolved into the two 
complementary (7)- and (5)-vectors, these have the same magnitude. 
For if 

A = roM + «N, . -A»A = to 2 — n 2 . 

Such a vector is singular only in an analytical sense. 
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The complement of a singular 1 -vector is a 3-vector which itself 
is evidently singular. It is the planoid tangent to the hypercone 
through the given element. 33 It contains, besides the pencil of singu- 
lar planes through the element of tangency, only (7)-planes. 

We may take this opportunity of summarizing the properties of 
singular vectors in general. The inner product of any singular vector 
by itself is 0. Every singular vector is perpendicular to itself and to 
every singular vector lying within it. The magnitude of a singular 
vector is zero. This does not imply that such a vector is not a 
definite geometric object, but only that the interval of a singular 
1 -vector, the area of a singular 2-vector, and. the volume of a singular 
3-vector are zero when compared with non-singular intervals, areas, 
and volumes. 

The visualization of the geometrical properties of a four dimensional 
and especially of a non-Euclidean four dimensional geometry is 
extremely difficult. It is of course possible to rely wholly on the 
analytic relations, and thus avoid the difficulty. But we believe that 
it is of the greatest importance to realize that we are dealing with 
perfectly definite geometrical objects which are independent of any 
arbitrary axes of reference, and that it is therefore advisable to make 
every effort toward the visualization. It seems probable that Min- 
kowsky although he employed chiefly the analytical point of view 
in his great memoir, must "himself have largely employed the geo- 
metrical method in his thinking. 

The Differentiating Operator 0>. 

40. By analogy we may in four dimensions define the operator <^>, 
called quad, by the equation 

d( )=dr-<>( )• (48) 

When referred to a set of perpendicular axes, quad takes the form 

= ki/- + br- + k»r--k4r-' (49) 

dxi 0x2 3*3 0x4 

and like V it may be regarded formally as a 1 -vector. 

33 The geometry in a singular planoid is analogous to that in a singular plane 
(§ 31). In this 3-space there are two classes of lines, singular lines, all of which 
are parallel to each other, and non-singular lines, (-rHines, all of which are 
perpendicular to the singular lines. Similarly there are two classes of planes, 
singular planes, all of which are parallel to the singular lines, and non-singular 
(->.)-planes, which are perpendicular to every singular plane. Volumes are 
comparable with one another but are all of zero magnitude as compared with 
a volume in any non-singular planoid. 
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We may therefore write the following equations. The result of 
applying <)toa scalar function F is a 1-vector <>F, which might be 
called the gradient of F. 

A , . 9F dF . , dF , dF 

OF = ki— + k 2 — + k 3 r- — k4— • 
oxi dX2 8x3 6x4, 

The application of <0> to a 1-vector function f by inner multiplication 
is a scalar, which might be called the divergence of f . 

<>.f = d A.M d l?--L. d A.-L. d I±. 
dxi 8x2 8x3 8x 4 

The application of <£>, by outer multiplication, to the 1-vector £ is a 
2-vector function, which might be called the curl of f . 

<\ X f - (& + to\ + (to , to\ b , (to , 9f*\ 

° xf ~ W + tej kl4 + {dxl + dxj k24 + fe + toj** 

+ ^ _ ^fe, + (# _ ^ksi + f^ - ^ 
Vda^ 3c*v n yte 3 dxj 31 \dtfi dz 2 . 

The expression <Q>-F is a 1-vector. 



.8x2 dxa dxij \8x 3 8x\ 8x 4 



i-2 



to to , toi\ , /^/m , cl/ 2 4 , 6I/34 



Vdzi da; 2 dav Vd^i 3% dav 

The product 0>xP is a 3-vector. 

<>xF = (toi_ d h_toA km+ (toi_to_to 

\dx 2 8x 3 dxi) m \8x3 dxi dxi 

to± _ to _ dfvi \ k 1 (toi I to I toi 

dxi 8x2 dxij m \8xi 8x2 8x 3 

We might likewise expand 0"3f an & O"*^ 

The rules (30) and (24) for operation with the complement enable 
us to write 

(O . a )* = - Oa*, (Oa)* = O ' "*> 

when a is a vector function of any dimensionality in four dimensional 
space. 

It is important to note in all these equations that while quad 
operates as a 1-vector, it is not a 1-vector in any geometrical sense. 
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Thus we find, for example, that <0> x f is not always a plane passing 
through £, and in fact will usually be a biplanar vector. Also O • P is 
not necessarily in the plane of P. 

We have used the same symbol O for our differential operator as 
was used by Lewis in his discussion of the vector analysis of four 
dimensional Euclidean space, and which corresponded to the "lor" 
of Minkowski. There seems no danger of confusion, since it will 
never be desirable to work simultaneously in Euclidean and non- 
Euclidean geometry. Sommerfeld 34 has also developed a vector 
analysis of essentially Euclidean four dimensional space, and his 
notation is an extension of that current in Germany for the three 
dimensional case. For the sake of reference we will compare the two 
notations, as far as the differential operator is concerned, in the follow- 
ing table. 

OF ~ GradF, 

O-f ™ Divf, 

O x f ~ Rot f , 

<0-P~ 2>toP. 

Operations involving O twice are of frequent use in a number of 
important equations. These may be obtained by rules already given 
if O be regarded as a 1 -vector. 

<>K>F) = 0, (50) <>x«>xf) = 0, (51) 

O-(O-F) = 0, (52) 0«>F) = 0, (53) 

. 0-(0-f ) = 0, (54) 

O- (Oxf) = <>'«>•«) - (O-O) «, (55) 

OK>xF) = 0(OF) + (O-O) F," (56) 

0-(0*Jf) = 0(0- f) - (O-O) 3f- (57) 

The important operator O'O or O 2 nas sometimes been called the 
D'Alembertian. In the expanded form it is 

d 2 <9 2 d 2 5 2 3 2 

O 2 = fi + fi + r-i - f^ = v 2 - f- 2 - (58) 

da - ! 2 dx<? dxf dx/ oxf 

where V now denotes the Euclidean differentiating operator in the 
ki23 space. 

34 Sommerfeld, Ann. d. Physik [4] 33, 649. 

35 Kraft (Bull. Acad. Cracovie A, 1911, p. 538) devotes a paper to the 
proof and application of this formula. 
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41. In the ordinary integral calculus of, vectors the theorems due 
to Gauss and Stokes play an important r61e. In our notation we may 
express these laws with great simplicity and generalize them to a 
space of any dimensions. Let us consider first the form of these 
theorems in the case of two dimensions, beginning with the more 
familiar Euclidean case. 

Stokes's theorem states that the line integral of a vector function £ 
around a closed path is equal to the integral of the curl of £ over the 
area bounded by the curve. The analytic statement is 



fd8't= ffdSemlt, 



where ds is the vector element of arc, and dS the scalar element of 
area. In our notation 36 this becomes 



Jda-t= f JdS'Vxt, 



where dS is now the 2-vector element of area (a pseudo-scalar) and 
V x £ is a pseudo-scalar (the complement of curl f , which itself is a 
scalar in the two dimensional case). Transforming by (35), we may 
also write 

Jds • f = - ff(d& • V) • f . (59) 

Gauss's theorem states that the integral of the flux of a vector 
through a closed curve is equal to the integral of the divergence of the 
vector f over the area bounded by the curve. The analytic statement 
is 



ffnds= JJdSdivt, 



where /„ is the component of f normal to the curve. In our notation 
this becomes 

- JVsxf)* = f JdS Vf = ffdS*V'i, 
or, by taking the complement of both sides, 

— Jdsxt = J CdSV'i; 

36 One of the advantages of our system of notation is that if one term in an 
equation is a vector of p dimensions, every other term is a vector of p dimen- 
sions. This furnishes at once a check on the correctness of any equation. 
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and transforming by (36), where in two dimensions fxdS vanishes, 
we obtain the form 

fdsxi = — f f((ZS-V)xf. (60) 

Equations (59) and (60) can be combined into the operational 
equation 

fds()=-ff(d&-V)(), (61) 

where the operators may be applied to £ in either inner or outer 
multiplication. 

In three dimensions Stokes's theorem states that the line integral 
of a vector around a curve is equal to the surface integral of the normal 
component of the curl of the vector over any surface spanning the 
curve, with proper regard to sign. The ordinary statement is 

fds>i= f CdS (curl £)„, 

which in our notation becomes 

fd&-t= ffd&.(Vt); 

and may be transformed by (35) into 

fds-t = — f f(dS-V)'t. (62) 

In like manner Gauss's theorem states that the integral of the flux 
of a vector through a closed surface is equal to the integral of the 
divergence of the vector over the volume inclosed by the surface. 
Thus, if d<& is the scalar element of volume, 

J fi n dS = Jffdivtd®. 

In our notation, if dS denotes vector element of volume, this 
becomes 

which, by transformation by (24) and (32), becomes 

JJdSxi= j J J(d%-V)*t. (63) 
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As an example of a similar formula involving a scalar function /, 
we may take the familiar theorem of hydrodynamics that the surface 
integral of the pressure is equal to the volume integral of the gradient 
of the pressure /. This is usually written as 



fffadS = fffgradfd®, 



but in our notation becomes 

ff dsf - Iff**'™ = ///<««• vy. 

42. All these formulas lead us to suspect the existence of a single 
operational equation which is valid when applied to scalar functions 
and to any vector functions whether with the symbol (•) or (x). 
This would have the form 

f <M) = (- l) p f (dc (p+1 y<>) ()> (64) 

where da p is the p-vector element of a closed spread bounding a spread 
of p + 1 dimensions. We may extend this equation to four (or more) 
dimensions, and demonstrate its validity as follows. 

It will perhaps be sufficient to give the proof of the formula in case 
the (p + 1) -spread is a rectangular parallelepiped with p -\- 1 pairs 
of opposite faces. For let 

io-(j> + i) = Ts. m ... P +idxidx2^x 3 . . . dx p+ i. 
Then, by the rules for multiplication, 

J, ^wO= (-l)'l \dx2dx3 . . . (f%ik 2 3... ft AT- 

— dxidxa . . . dx p+ iki3.. p+ idx2- \- . . 

0x2 

The partial integrations may now be effected upon the right, and leave 

/ da (p+1 yO = (— 1)J> / da (p) , 

if it be remembered that k 2 3... p+ i, — ki3...p+i, ... are the positive faces 
perpendicular to ki, k 2 , . . . 

It will be evident from this mode of proof that (64) is valid both 
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for Euclidean and for our non-Euclidean geometry. The equation 
may be put in another form by the aid of rules previously given. 37 

f da*{)= f d^ v+l) *xO(). (65) 

In four dimensions a large number of special formulas may be 
obtained by applying our operational equation to scalars and to 
vectors of any denomination with either symbol of multiplication. 
As examples we may write the formulas corresponding to Stokes's 
and Gauss's theorems. Let p — 1 and apply the operator by inner 
multiplication to a 1-vector function. Then 

Jds-t = - ff(da-0).f = JJds-(0»*)- 

This is the extended Stokes's theorem. Again let p = 3 and apply 
the operator by outer multiplication to a 1-vector function. Then 

fffdz* = -ffff<&-<»« = -ffffwo-t). 

This is the extended Gauss's theorem, where dZ represents a differ- 
ential (pseudo-scalar) element of four dimensional volume. 

In these cases also the same equations apply in Euclidean and in 
our non-Euclidean space. If, however, we write these two equations 
in non-vectorial form, they become in the non-Euclidean case 

/ (fidxi + f 2 dx 2 + f 3 dx 3 — fdxi) 

= J J L\M ~ 

+ (&- 



.dxz 


— t-^ ) dx 2 dx 3 + 


(!t s - d £) dx3dxi 


,dxi 


— - — ) dxidxi — 
dx 2 J 


■(tt + ¥)**** 

\axi dxj 


JX2 


+ — ^ ) dxtflxi - 
axj 


-(l+l>H 



37 This equation embraces both of the operational equations given by Gibbs 
in §§ 164-5 of his pamphlet Vector Analysis (1884) reprinted in his Scientific 
Papers, 2. In case p + 1 is equal to n, the number of dimensions of space, 
then dffjp+i)* is a scalar and the equation has no meaning unless we adopt the 
convention Wx a = ma, where to is a scalar and a any vector. This convention 
would lead to no contradiction, and might occasionally be useful. 
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and 

III I (/i^rfaw^i + h dx 3 dxidx4 + ftdxidx^dxi — fidxid'x^dxs) 

-////Lt+£ + £+£>***• 

The theorems may be used to demonstrate in a vectorial manner 
such an equation as (52), C>'( < 0"T) = 0. For 

ffff d *0'«>-*> = - ///«««<<>-i) 

= f J fu&'OW = ff dSx¥ 

As the final integral extends over the boundary of the cfosed! three 
dimensional spread which bounds the given region of four dimensions, 
the final integral vanishes, since the closed spread has no boundary. 

Geometric Vector Fields. 

43. The idea of a vector field is ordinarily associated with concepts 
such as those of force or momentum, which are not wholly geometri- 
cal in character; but it is per- 
fectly possible to construct 
vector fields which are purely 
geometrical. Thus in ordinary 
geometry we may derive a r; 

vector field, when a single j ,''' 

point is given, by constructing 
at every other point the vector 
from that point to the given 
point, or that vector multiplied 
by any function of the dis- '' " N » N 

tance. v 

In our non-Euclidean four Figure 21. 

dimensional space we may as- 
sociate with any (S)-curve a vector field derived from that curve in 
the following way. At each point of the (5)-curve construct the 
forward unit tangent w, and the forward hypercone. 38 At each point 
Q of these hypercones construct the vector w/R, parallel to the vector 

38 That half of the hypercone lying above the origin, enclosing points which 
will represent later times than the time of the origin, will be called the forward 
hypercone. 
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W at the vertex, and equal in magnitude to the reciprocal of the 
interval R along the perpendicular drawn from the point Q to that 
tangent produced (Figure 21). On account of analogies which will 
soon become apparent we shall call this vector function the extended 
vector potential of the given (S)-curve. 39 We shall write 

P = | (66) 

We shall next consider the 2-vector field 

P = OxP = (O^)xw + |(Oxw). (67) 

We shall consider the evaluation of <C> X P in two steps. First we shall 
assume that the original (5)-curve is a straight line. In this case W 
is constant and <0> x w = 0. If we arbitrarily take k 4 along w, we 
mav write 

A l_._l . d 1 _ 1 

Q R- V R-^d^R- V R' 

for it is clear that a displacement parallel to w does not change R. 
It is evident that R becomes a radius vector in the 3-space perpendicu- 
lar to W. If n represents a unit vector from the point Q normal to w, 
that is, in the direction in which R was measured, then by the well 
known formula, 'VRT 1 = n/R 2 . Hence 

^R R* 
And hence p = ^ = n*w (6g) 

The determination of <^>*p follows in precisely the same way; 
in each of the above formulas the symbol of inner multiplication will 
replace that of outer multiplication, and we find that 

O-P = ^? = 0, (69) 

for n is perpendicular to w. 

Of all the geometrical vector fields which might have been con- 
structed from a given (5)-curve, we shall show later that those which 
we have just derived are the most fundamental (footnote § 44). The 

39 The vector fields produced at a point by two or more (i)-curves may be 
regarded as additive. The locus of all possible singular lines 1 drawn (as 
in Fig. 21) from (a)-curves to a given point is the backward hypercone of which 
that point is the apex. 
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2-vector <0> X P is a simple plane vector in the plane of the point Q 
and of W. The 1 -vector p has everywhere the direction of the funda- 
mental vector w; if 1 be the singular vector from the vertex of the 
cone to the point Q, the scalar product 1-p is constant. In fact 

w -. 1 X W ,_„, 

P =-W P =(i^ (70) 

are the expressions for the fields in terms of 1 and w. 

Let us now choose arbitrarily a time-axis ki, and then the perpen- 
dicular planoid is our three dimensional space. We may resolve our 
1-vector and 2-vector fields as follows. 

p = w v + k 4 



1-w (l 8 +Z 4 k 4 ).(v+k 4 ) ' 

v , k 4 



P = Ps + 2> 4 k 4 = ; -. h 



h — ls'V h — ls'V . 

where 1„ and p s are the space components of 1 and p. As 1 is a singular 
vector, k is equal to the magnitude of l s . 



(1 . w) s- U v) ik _ h . y y - 

(1 - p») l^v _ (1 - g) (h - ? 4 v)xk 4 

a 4 -i s -v) 3 " a 4 -i 8 .v) 3 



(72) 



Of these two planes into which P is now resolved, the first lies in 
"space" and the second passes through the time axis and is perpen- 
dicular to "space." 

We shall attempt to show with the aid of a diagram (Figure 22) the 
geometrical significance of the various terms which we nave employed 
in the above formulas. The origin, that is, the vertex of the hyper- 
cone, is any chosen point on the given (5)-line W. A point upon the 
forward hypercone is Q, and 1 is the element OQ. The unit vector n 
is drawn along Q J from Q towards and perpendicular to the vector 
W. The intervals OJ and QJ are equal, and equal to R = — 1-w. 
The vector p drawn at Q parallel to w and of magnitude 1/R is the 
extended vector potential at Q due to w. The 2-vector P lies in the 
plane OJQ, and is equal in magnitude to 1/R 2 . The arbitrarily cho- 
sen time-axis is ki, and on the planoid perpendicular to k4 (that is, 
on " space ") the vector 1 projects into L = O'Q. The intersection 
of the line of w with the planoid is 6? (the point of the line w which is 
simultaneous with Q), Similarly 0' is the intersection of kl with the 
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planoid. The line 00' = k represents the lapse of time between 
and 0'; and this is equal in magnitude to O'Q or l s , the space compo- 
nent of 1. The interval OG=U**l\ — i? and the interval 0'G= l$> = l„v. 
The direction w projects into the direction V. Hence as a vector, 
O'G is equal to i,v. The quantity l„*v = O'F may be obtained by 






FlGTJRE 22. 



dropping a perpendicular from G to O'Q. The interval FQ is then 
l s — l 8 'V or U — 1,*V, the expression which occurs in the denomina- 
tors. The vector GQ = r is clearly 1„ — l a v or 1 8 — Z 4 v. 

44. We shall now remove the restriction that the (8)-curve which 
gives rise to the potential p = w/R = — W/(l*w) is rectilinear, and 
consider the general case of any (8)-curve. For the sake of simplic- 
ity in this complex problem we shall use dyadic notation (see appen- 
dix § 61, ff.). The results, however, might all be obtained by means 
of the more elementary geometric and vector methods. 

We may write 

Now <3>w is defined so as to satisfy the relation dr«Ow = dvr. A 
displacement (Figure 23) dx = w ds parallel to w, makes a change 
dvr = cds. A displacement dt along the vector 1 (Figure 24) intro- 
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duces no change in w, and in like manner a displacement dx in the 
plane perpendicular to that of W and 1 does not affect w. Hence we 
may write 

< C > w=^-c= -|lc. (73) 




Figure 23. Figure 24. 

To compute <(}R = — <0 (1-w), we may write 

0(l-w)= (Ol)-w+(Ow)-I. 

Here 0>w is already known. To find ^>1 observe that dl = dx"Q>l 
is equal to dx when dx is along 1 (Figure 24). Further if dx is elsewhere 
in the hypercone, for instance, in the plane perpendicular to that of 1 
and w then also dl = dx. But when dr = vrds is along w the differ- 
ential dl vanishes. Hence we may write 

Ol=I-i^w=I + ilw, (74) 

where I is the idemfactor. Thus we have 

Od-w) = (l + |lw).w--|lc.l, 

or, performing the multiplication by w, 

OR= -0(l-w) = -w+^tp^l. (75) 

From this it follows at once that 



= -iK lc+ld ^ lw - ww) ' 



(76) 
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The two expressions O x P and <>«p may now be obtained by inserting: 
the cross and dot in <^p. Hence 

° xp = - h ( lxc + ^ir^ lxw ) (77) 

<>-p = -^(i' c +^-x^ 1,w+1 ) = - (78> 

Here also ^>*p vanishes, since l«w = — R. 

As 1 varies with R, the parts of Oxp may be separated into one 
which varies as RT 1 and one which varies as RT 2 , namely. 

P = Op = - ^ (lxc + ~ lxw) - ~ lxw. (79) 

This may be brought out most clearly by expressing 1 as 

l=ii(w — n), (80) 

where n is a unit vector from Q perpendicular to W. 

P = — „ [wxc — nxc + n-c nxw] + ™ nxw. (81) 

Another manner of expressing P is 

P = - ± HI- (wxc)] - ± lxw (82) 

or 

P = - ^ (Ixwxc) • 1 - ^ lxw. (83) 

Any of these forms of P shows, what perhaps appears clearest 
from (82), that the part of P which varies inversely as R is a singular 
plane, through the element 1 and cutting the plane of wxc; for 
lx[l«(wxc)] is a plane through 1 and the vector l'(wxc) (in wxc), and 
the inner product of the plane by itself is readily shown to be zero. 

In a similar manner we may calculate <C>P, a dyadic with its first 
vectors 1 -vectors and its second vectors 2-vectors. The differentiation 
requires nothing new except •O'C. And by the same reasoning applied 
to find <0>w, it appears that 

C= l^ds = -RTs (84 > 
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Hence O c brings in, as might be expected, the rate of change of 
curvature, just as O w brought in the curvature. We have 

op = <xo*p) = o (-^- L ^ fc* 

- 1(- w+ t 1 ) ixc ~iK i+ iH xc + K-i^y 

+ | (1 + 1 . c) (_ w+ l^ 1 ) lxw -l(c-^.l)lxw 
1 + 1 -^I + ilwVw-^^lcxl. 



In this expression the product indicated by the cross is always per- 
formed first, regardless of the parentheses. If now the cross be 
inserted to find O x O x P> th e result O x O x P = is obtained, as 
required by equation (51). Moreover, if the dot be inserted so as to 
find O • (O x P)» tne result is also 

OOp = 0. (85) 

We have, of course, proved this theorem only for points lying off the 
given (5)-curve. 

We have the mathematical relation (55), namely, 

OOp = O(O-p) - (O-O)p- 

But we have seen that O'P = 0, and therefore 

O-OP=O 2 P=0. (86) 

The existence of this extended Laplacian equation justifies the use 
of the term potential 40 for p. 

40 It is interesting to enquire what form the potential p might be given other 
than vr/R- Suppose that p should be independent of the curvature of the (s)- 
curve. The only vectors then entering into the determination of p at any 
point Q would be w and 1. The only possible form of a 1-vector potential 
would therefore be 

p = *(R)w+f(R)l, 

where R = — l«w. The expression for Op becomes 

Op = / (R) ( - w + ^^i) w - , (R) |ic 

+ y(B)(_w + J-±-^?l)l+/(B)(l+ilw). 
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Electromagnetics and Mechanics. 
The Continuous and Discontinuous in Physics. 

45. It has been customary in physics to regard a fluid as composed 
of discrete particles (as in the kinetic theory) or as a continuum (as in 
hydrodynamics) according to the nature of the problem under investi- 
gation; it has been assumed that even if a fluid were made up of 
discrete particles, it could be treated as a continuum for the sake of 
convenience in applying the laws of mathematical analysis. For 
example we introduce the concept of density which may have no real 
exact physical significance, but which by the method of averages 
yields apparently correct results. Provided that the particles in a 
discontinuous assemblage are sufficiently small, numerous, and regu- 
larly distributed, it is assumed that any assemblage of discrete 
particles can be replaced without loss of mathematical rigor by a 
continuum. 

However, when we investigate problems of this character in the 
light of our four dimensional geometry, we are led to the striking 
conclusion that in some cases it is impossible, except by methods 
which are unwarrantably arbitrary, to replace a discontinuous by a 
continuous distribution and vice versa. Especially we shall see that 
this is the case with radiant energy, a conclusion which is particularly 

Hence 

O-P = - 1-e (*>' (R) + g * («)) + {Rf'(R) + 3f(R)) • 

If <^ «p is to vanish regardless of the curvature of the (s)-curve, then 

*' («)+!* (A) = 0, Rf'(R) + 3f(R) = 0. 

The integration of these equations determines v and / as 

A , B 



/ = 
sion 
A I. , 1 +1-C, \ 2B. 



" ~ R' J ~ R" 

where A and B are constants. The expression for <^>xp is 

- lxw. 



0*P = - I (ixc + ^^ I™, R 
The calculation of ^-^xp = — <y"<^>p gives 

It therefore appears impossible to satisfy <^>>p = 0and^>-<(^p = with any 
other form of potential, dependent only on 1 and W, than the one chosen. 
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notable when taken in connection with the recent theories regarding 
the constitution of light, embodied in the quantum hypothesis. 

Let us for simplicity first consider such cases as arise in our two 
dimensional geometry. Consider a material rod of infinitesimal cross 
section moving uniformly in its own direction. Suppose now that 
we regard this rod as made up of discrete particles. Then in our 
geometrical representation each particle will give rise to a vector 
of extended momentum m W, and these vectors will all be parallel. 
The whole space-time locus of the rod will be a set of parallel (5)-lines. 
The rod as a spacial object possessing length has no meaning until a 
definite set of space-time axes have been chosen, and this choice is 
arbitrary. There is, however, one such choice which is unique, and 
that is the selection of the time-axis along w, and the space-axis per- 
pendicular thereto. In this system the mass of each particle is its 
mo, and the sum of the m 's of any segment of the rod divided by the 
length of the segment is the average density. If the particles are 
sufficiently numerous, we may regard the rod as continuous and re- 
place conceptually the locus of the rod as a set of discrete (5)-Iines 
by a vector field continuous between the two (5)-lines which mark 
the termini of the rod, and represented at each point by a vector 
parallel to w and equal in magnitude to the density at that point. 
This is the density as it appears to an observer at rest with respect to 
the rod, and may be called mo- The vector y. w has therefore a defi- 
nite four dimensional significance. Its projections on any arbitrarily 
chosen space and time axes are, however, not respectively the density 
of momentum and mass in that system. For 

w w=-JMv+k4). (87) 

Vl— v 2 



But tt, the density in this system, is not equal to (iq/ Vl — v 2 , but 

■■ - Mo (88) 



1 — v 



as the units of mass and length both change with a change of axes. 
Conversely we may replace a continuous by a discrete distribution. 
Let us consider a continuous vector field f of (5)-Iines. Then any 
region of this field, embraced between two (5)-lines sufficiently near 
together, may be replaced by one or several parallel (S)-vectors, of 
which the sum is equal to f multiplied by the length of the line drawn 
between and perpendicular to the boundary (5)-lines. We may also 
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use another construction which is essentially identical with this. 
Let dx be any vector drawn from one boundary line to the other. 
Then (drxf)*f // is the same vector as the one just obtained. Although 
the method of obtaining this vector may seem somewhat artificial, 
the vector is, however, a definite vector obtainable from the field 
without any choice of axes. 

46. These methods fail completely when the vector field is com- 
posed of singular vectors. Let us consider instead of a material rod, 
a segment of a uniform ray of light. If this 
/ can be represented by a continuous vector 
field bounded by two lines representing the 
loci of the termini of the segment then all 
these vectors must be singular. Let 1 be 
(Figure 25) the value of the vector through- 
out the field. It is evident that we cannot, 
as in the former case, draw any line across 
Figure 25. the field perpendicular to 1. The second 

method likewise fails because it would involve 
the magnitude of 1 which is zero. Moreover it can be stated that 
there is no method whatever, independent of any choice of axes, 
which will enable us to change from this continuous distribution of 
the light to a set of light particles. Conversely it is equally true that 
given a system of light particles moving in a single ray it is quite 
impossible to replace them by means of any continuous distribution, 
and this is true no matter how small and numerous and close to- 
gether these particles are. This statement regarding singular vectors 
will be seen to hold also in space of higher dimensions, 41 and is of 
fundamental importance. 

While it is impossible, therefore, to find continuous and discontinu- 
ous distributions of singular vectors which are equivalent to one 
another, it is possible to obtain by four dimensional methods out of 
a specified region of a singular vector field a single vector or group of 
discrete vectors uniquely determined by that vector field but quadratic 
instead of linear in the vectors of the field. Consider any portion of 
the field bounded by two singular vectors sufficiently near together. 
Let 1 be the vector of the field, and then if dx is any vector drawn from 

41 In the case of the peculiar geometry of a singular plane (§31), the interval 
dr from one singular line to another is independent of the direction of dr. It 
is therefore possible to replace the field 1 between two boundary lines by the 
single vector \dr linear in 1. Thus there are exceptional singular fields in 
higher dimensions for which the passage from continuous to discrete and vice 
versa may be accomplished. 
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one boundary to the other (Figure 25), the 2-vector drxl is independ- 
ent of the way in which dr was drawn and the 1-veetor (dtxl)*l is 
determined, and is in a certain sense representative of the region of 
the field chosen. 

It may be of interest to obtain the projection of 1 and (drxl)*l 
upon two sets of axes Id, k 4 and k/, k/ where the angle from fe to 
k/ is <j> = tanh -1 v. Let the vector 1 be written as 

1= a(k!+k 4 ) = a'Ckx' + k/)- 

Now by the transformation equations (7) we have 

1 — v 



a = a (cosh \p — sinh \p) = a- 



l l— v 
\|1 + v 



Vl — tf 

Hence the ratio of the components of 1 along the new axes to the 
components along the old axes is Vl — v/ Vl -)- v. But (drxl)* is a 
member independent ' of any system of axis. Hence the ratio for 
(drxl)* 1 is the same as that for 1. 

Now while it is impossible by any four dimensional methods 
to redistribute the vector (drxl)*l as a continuous vector field, it is 
always possible after arbitrary axes of space and time have been 
chosen to make such a distribution. Thus if between the two bound- 
ary lines dr be taken parallel to & and dr' parallel to k\, then as 
before drxl = dr'xl. By taking the complement of both sides and ap- 
plying (24), then, since 1 is its own complement, we find dr-1 = dr'-l. 
But dr-1 is equal to adr-ki = adr, and rfr'-l = a'dr'. Hence 
dr/dr' = a'/a. Thus the density of the components of the vector 
(drxl)*l in the one case is to the density of the components in the 
other case as a 2 is to a' 2 , equal to (1 — »)/(l + v). Thus while we 
have seen that the energy and momentum of a light-particle (§ 24) 
appear different in the ratio Vl — vl Vl -\- v to two observers, if the 
energy and momentum are regarded as distributed their densities will 
appear different to the two observers in the ratio (1— »)/(l + »)• 

Let us proceed at once to the discussion of similar problems arising 
in space of four dimensions. Here also it is possible to pass at will 
from a consideration of continuous 1-vector fields to a consideration 
of equivalent discontinuous distributions of 1-vectors in the case of 
all non-singular vectors, by an extension of either of the methods 
which we have used in two dimensional space. Thus if a region of 
the field is cut out by a (hyper-) tube of lines parallel to the vector of 
the field, then the original vector multiplied by the volume of inter- 
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section of a perpendicular planoid is a single vector (or the sum of a 
group of vectors) which may replace the original field within the tube. 
Or if f represents the vector field and d% the 3-vector cut off on any 
planoid by the tube, then the same result as before may be obtained 
by the operation (dSxf)*f //. 

In the case of singular vectors we encounter the same difficulties 
as in two dimensions. Let us consider a field of singular 1-vectors I, 
and a portion of this field cut off by a small tube of lines parallel to 1. 
A little consideration shows that it is impossible by any means what- 
ever to replace this portion of the field by a single equivalent vector 
along 1. It is possible, however, as before to obtain a single vector 
quadratic in 1 and determined by the given portion of the field. Let 
d% be the 3-vector volume cut off on any planoid by the tube. Then 
(dS x l) is independent of the planoid chosen, and (rfSxl)* 1= dg is 
the vector thus determined. 

47. Now it is impossible to distribute the vector just obtained 
over that portion of the four dimensional spread which has given rise 
to it. But there is, nevertheless, in one case another kind of dis- 
tribution which is possible and which possesses considerable interest. 
In order to introduce the somewhat difficult construction which is 
necessary in this case let us investigate first a particular type of 
singular vector field in three dimensions. Let ds be a small vector 
segment of a (5)-curve. Each point of this segment determines a 
forward cone. The field which we wish to consider is such that at 
each point the vector 1 is along an element of the cone and of any 
interval which is a continuous function of position. This construc- 
tion gives a limited field bounded by the two forward cones from the 
termini of the segment da. Let a plane cut across the two cones. 
The region of this plane intercepted between the two boundary cones 
is the surface lying between two nearly concentric circles. Let dS 
be an element of this surface. Now just as before the vector 
(dS*l)*l = dg may be formed and is different for each element dS. The 
singular lines drawn from all the points bounding d& to the corre- 
sponding points of the segment ds determine a sort of tube of nearly 
parallel singular lines. The value of dg for each tube is at each point 
independent of the particular position of the plane through that point 
whose intersection with the tube is dS. If therefore the whole field 
is divided up into an infinite number of such tubes, the infinitesimal 
vectors of the second order in 1 obtained for the several tubes are 
at each point independent of the plane which was used in constructing 
them. 
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Now it is impossible to redistribute the discrete vectors dg over the 
three dimensional field from which they were derived, but it is possible 
to replace them by a continuous distribution over a two dimensional 
spread in one of the cones. Let us assume that the infinitesimal 
tubes are so chosen that the elements of surface df& = dqxdi are 
four-sided figures approximately rectangular 
and that the outer cone is divided into small 
regions lying between the elements of the 
cone, a, a', a", . . . (Figure 26). In each of 
these small two dimensional regions we may 
place the corresponding vector dg. Now 
any two neighboring lines drawn from a to 
a' are of equal interval because they lie in a 
singular plane between two singular lines 
(see preceding footnote and § 31). The vec- 
tor dg/dr is therefore determined at each 
point of the cone independent of the direc- 
tion of dr. It is a vector representing a 
kind of density and when all the vectors dg 
are similarly treated, it is continuously distributed over the whole 




Figure 26. 



The vector dg/dr is a function of the interval ds. Let us determine 
this relation analytically. Since d&= dqxdr we may write 

dg = (dqxdrxl)*! = [(rfqxrf r )*-l]l = 2J dqdr, 



where k is the component of 1 perpendicular to dqxdr; for since dq is 
perpendicular to dr, (dqxdr)* is a 1-vector perpendicular to dqxdi 
and of magnitude dqdr. We therefore find dg/dr = l^-dq. It remains 
to determine dq in terms of ds. 

The plane of intersection having been chosen, the two circles are in 
general eccentric and the distance de between their centers is the pro- 
jection of the segment ds upon their plane (Figure 27). If the normal 
to this plane makes an angle with ds whose hyperbolic tangent is v, 
then de = vdsl Vl — v 2 . The two segments cut off by the two circles 
on de produced are found as follows. Pass a plane through de and ds. 
Then AB isreadily shown to be 



ds Vl — v l Vl + 



and 



CD = tfsVl + fl/Vl—t,. 



Then the value of dq is readily proved by Euclidean methods to be 
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(1— vcos<j>) (fo/Vl — a 2 , where <j> is the angle between dq and AD. 
Hence 

V cos </> . 



dg = k 1 

rfr Vl — « 2 



Id*. 



(89) 



We have gone through this somewhat complicated calculation for 
the three dimensional case because of the greater ease of visualisation 




Figure 27. 



and because the results obtained are applicable without essential 
change to four dimensions. Again let da be a segment of any (5)- 
curve each point of which determines a forward hypercone. Let us 
consider the four dimensional vector field 1 bounded by the two 
limiting forward hypercones, 1 at every point lying along an element 
of one of the hypercones whose apex is on da. Any (7)-planoid will 
intersect the limited vector field in a three dimensional volume bounded 
by the intersections of the two limiting hypercones with the planoid; 
these surfaces of intersection appear in the planoid as two nearly 
concentric spherical surfaces. 

If as before the vector field is divided into infinitesimal portions, so 
that the volume of intersection is divided into the infinitesimal vol- 
umes rfS, each of which is approximately a rectangular parallelepiped, 
and one of the surfaces of intersection is thus divided into the infi- 
nitesimal portions dS such that rfqxrfS = dQ, then for each infinitesimal 
portion of the field we may at any point obtain as above the vector 
dg = (dS x l)*l- Then precisely as in the previous case 42 

42 In the peculiar three dimensional geometry of a tangent (singular) planoid 
there is one sot of parallel singular lines, and every plane in the planoid is 
perpendicular to these lines. Every cross-section of a given tube of singular 
lines has the same area. 
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dg = (dq.xd&xl)*l = kldqdS, and dg/dS = kldq. 

This vector is distributed uniformly over one of the hypercones and is 
independent of the particular planoid used in obtaining it. Then also 
just as before 

dg _ 1 — vcos<t> . . 

rs - h vr=-£ lds> (90) 

where <t> is the angle between v, which passes through the centers of 
the two spheres, and the line, from either center, to the chosen point 
upon the surface. 

The Field of a Point Charge. 

48. Much of recent progress in the science of electricity has been 
due to the introduction of the electron theory, in which electricity 
is regarded not as a continuum but as an assemblage of discrete 
particles. In Lorentz's development of this theory he has deemed it 
necessary, however, to regard the electron itself as distributed over a 
minute region of space known as the volume of the electron. This 
deprives the theory of some of that simplicity which it would possess 
if the charge of an electron could be regarded as in fact concentrated 
at a single point. Whether the theory of the point charge can be 
brought into accord with observed facts and with the laws of energy 
cannot at present be decided. It seems, however, highly desirable 
to develop this theory as far as possible. In our application of our 
four dimensional geometry to electricity we shall therefore consider 
first an electric charge as a collection of discrete charges or electrons, 
each of which is concentrated at a single point. 

The locus of a point electron in time and space must be a (5) -curve. 
If w is a unit tangent to such a curve, then we may consider at every 
point the vector eW, where « is the magnitude of the charge, negative 
for a negative electron, and positive for a positive electron (if such 
there be). It is explicitly assumed that e is a constant. We shall 
show that the geometric fields obtained from this vector by the 
methods of § 43 give precisely the equations which are of importance 
in electromagnetic theory. 

The vector w determines at every point of our time-space manifold 
the vector p = w/R. Similarly the vector ew determines the vector 
field 

eW eV ek 4 ,_ lN 

m = tp= Ti=k=l^ + k^T^- (91) 
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The last equality is obtained when any k4 axis has been arbitrarily 
chosen. Then v is the velocity of the electron and U— l„-v is the 
distance FQ in Figure 22, that is, the projection of the distance from 
the point of observation to the contemporaneous position of the 
electron (if assumed to be moving uniformly) upon the line l s joining 
the "retarded" position of the electron to the point of observation. 
We may call m the extended electromagnetic vector potential. 
Its projections on space and on the time-axis are respectively the 
vector potential a and the scalar potential <j>, 

a = , eV . , <A = . \ , (92) 

precisely in the form first obtained by Lienard. 43 From (69) we have 

O-m = (v — k <ifj*( a + 4> k 4) = 0. 

Hence V -a+g=0. 

at 

We see therefore that the Lienard potentials are connected by the 
same familiar equation as connects the ordinary vector and scalar 
potentials. Assuming that vector fields produced by two or more 
electrons are additive, these equations are true for the general case. 

The 2-vector field produced by an electron, whether in uniform or 
accelerated motion, is obtained immediately from (81)-(83). 

M = O xm = <O x P = — d [wxc — nxc + n-c nxw] + ™nxw. 
O r R R (93) 

M = — -^ lx[l-(wxc)] — ^ lxw = — ~ (lxwxc)-l — -^lxw. (94) 

The first term in this expression vanishes when the curvature is zero. 
The fact that this term is a singular vector has already been pointed 
out, and the great importance of this fact in electromagnetic theory 
will be pointed out later. In the second term nxw is the unit 2-vector 
determined by the line w and the point Q where the field is being dis- 
cussed. 

49. In case the electron is unaccelerated the equation assumes the 
simple form 

M = -^nxw. (95) 

43 Eclairage <51ectrique, 16, 5 (1898). 
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This may be expanded according to (72) when an axis of time has been 
chosen. Then, noting that l„xv = (1 8 — hv)xy, 

1 — $ 1 — ift 

M = — e — ^— rxv — i — ^— rxk 4 . (96) 

Where r is the vector r = l s — Z 4 v from the contemporaneous position 
of the charge to the point Q in the field, and / = h — l s »v. The 
2-vector M is thus split automatically into two 2-vectors, of which 
one passes through the time-axis ki, and the other lies in the planoid 
ki23 which constitutes ordinary space. These will be designated 
respectively by the letters E and H. Thus 

M = H + E. (97) 

This separation may in all cases be made whether the field is caused 
by one or more electrons in constant or accelerated motion. We shall 
thus see that the 2-vector M is precisely the "Vektor zweiter Art" 
which Minkowski introduced to express the electric and magnetic 
forces. 

Out of H and E spacial 1-vectors h and e may be obtained by the 
equations 

h = H-km, e = E-k 4 . (98) 

Then h is the three-dimensional complement of H, and e the inter- 
section of E with three-dimensional space. Evidently 

(99) 

Referring now to (96) we see that in the case of a uniformly moving 
electron 

e = e ~/ r, h = — e-=-^(rxv)-ki 23 , (100) 

or vxe = h-km = H. 

Noting that (rxv)-ki23 is that which in ordinary vector analysis is 
known as the vector product of r and v, we see that these equations 
are precisely the equations for the electric and magnetic forces. 44 

It may seem surprising to one who is not fully convinced of the very 
fundamental relationship between the four dimensional geometry of 
relativity and the science of mechanics that we should thus be led 

44 See Abraham, Theorie der Elektrizitat, 2, p. 88. 



hi = #23, 


h = Hzi, 


h — Hn, 


d = — Eu, 


e 2 = — £ 2 4, 


e%= — £'34. 
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from simple geometrical premises to conclusions of so purely physical 
a character. Of course it is to be noted that while our values of e and 
h are identical in mathematical form with equations for electric and 
magnetic force, we should need some additional assumptions before 
actually identifying these quantities. 

60. Our next step will be to show that the values of e and h derived 
from the 2-vector O XDa = M are identical with the expressions for 
electric and magnetic force in the general case in which the electron 
is no longer restricted to uniform motion. We have from (94) 

M = eP = - j| (lxwxc) -1 — -^ lxw. (101) 

Thus, assuming some time-axis, we see from (43) that 

WXC = Wxv/(1 — 2 ). 



Then 



Hence 






_ 6 r L'visxv flisxv n e lsxy 

R 3 L(l _B*)t + 1 - » 2 J il 3 (1 _ „2)§ 

e r i, •▼(!. — /4v)xk4 _ fl/4Vxk 4 ~| j_ (Is — kv)*k 4 



(104) 



" 2P L (i _ rf 1 - » 2 J & (i _ „2)i 

Hence, if again we use r = 1 8 — kv and / = k — 1,- V = R (1 — » 2 )', 
we have 

_ , TL-v Uv , 1 — v 2 ~\ 

e = E-k4 = € \jpt-T - t? + -yr-*] 

(105) 



r i g -v rxy lsxv (1 — 8 2 )rxv ~| 
L r' 3 + r' 2 i r' 3 J' 



Sl23- 



If we look at the form in l s — l t V (104) we observe that 



Hence 



H = I l»xe, E = — exk 4 . (106) 

'4 

M = (jh + k 4 Ve = Jlxe. (107) 
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These are the equations for the field of an accelerated electron 
which were obtained by Abraham and Schwarzschild. 45 It will be 
convenient to divide the field M into that part M' which is due to 
acceleration alone and that M" which is independent of acceleration. 
The former, which is the first term in any of the above expressions 
for M, (101)-(103), is a singular vector field, and is the only one which 
is important at great distances from the electron, for it varies as 1/R 
(since 1 varies with R) whereas M" varies as 1/R 2 . If we divide the 
field M' into its two parts M' = E' + H', we see here also that 

H' = iw, E' = — e'xfc; (108) 

k 

and since, in this case, l s 'e' = (as may be seen by performing the 
multiplication) and l 3 is perpendicular to e', we find that E', H' are 
equal in magnitude. Moreover e', h' are equal in magnitude and 
perpendicular to each other and to 1 4 . In other words in a radiation 
field the electric and magnetic forces are equal in magnitude, perpen- 
dicular to each other, and perpendicular to the "direction of propa-' 
gation." All these results are geometric consequences of the fact 
that the 2-vector M' is singular. 

61. In four dimensional space every singular 2-vector determines 
a singular 1-vector, namely, a vector pointing outward along the 
element of tangency of the 2-vector with a forward hypercone. This 
1-vector is the complement of the 2-vector in the tangent planoid. 
If 1' is the 1-vector thus determined by the 2-vector M', then we may 
write 

M' = uxl', 

where U is any unit vector in the plane of M', provided the sign of U 
be properly chosen. 46 In the case of the singular vector M' which we 
have obtained in the previous section we may write, from (94), 

M' = - ± lx[l. (wxc)] =-± alxi^p), (109) 

where a is the magnitude of l-(wxc) and therefore the last vector is 
a unit vector. Hence we may write at once for the 1-vector deter- 
mined by M', 

l'=^al. (110) 

45 See Abraham, Theorie der Elektrizitat, 2, p. 95. 

46 Owing to the nature of the geometry in a singular plane, the unit vector u 
drawn from a given point always terminates on a definite singular line and 
thus determines the same 2-vector uxl' for all values of U. (§ 31) 
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The value of a is, from (80), 



a = V[i.(wxc)]-[l-(wxc)] = -RV(nxc).(nxc). (Ill) 

Now the vector 1', being a singular vector continuously distributed, 
can be treated by the method of § 47 to give at any point a discrete 
vector of the second order in 1', namely, 47 

dg = (dQx\')*V (112) 

where dQ is the vector volume cut off on any planoid by an infinitesimal 
tube of singular lines parallel to 1'. If ds is an infinitesimal portion 
of the locus of the electron which gives rise to the fields M' and 1', 
and if we consider the region of the 1' field bounded by the two forward 
hypercones from the termini of da, then all the vectors dg belonging 
to this region can be redistributed continuously on one of the hyper- 
cones, and just as in § 47 we obtain the vector 

dg , , 1 — «cos<ft , 
-75 = k — , i ds. 

dS Vl — v 2 

Now we may substitute the value of 1' and obtain 

dg=~a 2 (dQ*l)*l, (113) 

dg « 2 ,7 1 — vcos<t> tJ ,„., 

t| = ^ a% — , !*• (114) 

dS B? Vl — v 2 

Before proceeding further with the second of these equations, let 
us obtain dg in another form. We may first show that 

dg = (<©xl')*l' = (rfS*.M')-M\ (115) 

For M' = 11*1' where u is a unit vector perpendicular to 1'. Hence 

(dS*-M')-M' = [rfS*-(uxl')]-(uxl') = [(rfSM')u 

-(rfS*.u)l'].(uxl') 

by (34). Applying this rule again and noting that u*U = 1 and 

u-1' = 0, 

(dS*-M')«M'= — (dSM')l'. 

From this, (115) follows by (24). Now we have written M' as 

1. 
W 



M' = H' + E' = r l 8 xe' — e'xk 4 . 



47 Since 1' involves a and therefore nxc, the vector dg is zero for all points 
in the line of C, and is a maximum when n is perpendicular to C. 
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Now we may choose dQ perpendicular to k 4 and with proper sign, 
then d%* = k 4 d<&. Hence, performing the multiplication, 

dt=(e*j + e'*k?\d®. (116) 

Now if e' is interpreted as electric force in a radiation field, then we 
are accustomed to regard e' 2 (= h' 2 ) as the density of electromagnetic 
energy, and the vector e' 2 \ S /U, where \ S /U is a unit vector perpendicular 
to e' and h', as the Poynting vector. Therefore dg becomes a vector 
of extended momentum of which the components are the total energy 
and the total momentum in the chosen volume d<S. The vector dg is 
moreover independent of any choice of axes and is representative at 
any point of the tube whose cross section with any chosen space is 
the volume dQ. But the vector dg/d<& obtained by combining the 
Poynting vector and a vector along the k 4 axis representing the 
density of energy is by no means independent of the choice of axes. 
In fact we may state that no way can be found of representing the 
density of energy by a strictly four dimensional vector. Thus we 
have a vector of extended momentum for energy-quanta, but not for 
energy density — an observation which is not without significance in 
view of certain modern theories of light. 

52. It is interesting to note that the same energy vector dg may be 
obtained from different 2-vectors M'. For any two singular 2-vectors 
of the same magnitude and passing through the same element of the 
hypercone determine the sanie vector Y as above defined. If we 
regard any singular 2-vector M' produced by an accelerated electron 
as the extended electromagnetic field of the radiant energy which is 
moving out along the space projection of the element 1 with the 
velocity of light, then it is evident that, since there is an infinite num- 
ber of such 2-vectors to which the element 1 is common, there is 
something else necessary to characterize the light besides its energy. 
In fact a 1-vector such as 1' or dg upon which the condition is imposed 
that it shall be singular has three degrees of freedom; a 2-vector such 
as M' subject to the two conditions that it shall be singular and uni- 
planar has four degrees of freedom. It is this additional degree of 
freedom in M' which gives rise to such phenomena as polarisation 
which show a dissymmetry of light with respect to the direction of 
propagation. 

If the vector dg represents radiant energy (moving out along the 
hypercone with unity velocity), then the integration of equation (114) 
around the whole hypercone should give a vector representing the 
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extended momentum of all the energy emitted by the electron, between 
the ends of the segment ds of its locus. We wish to evaluate the 
integral 

f^dS = ds ff-a ^-J^+ WS. (117) 

J dS J R 6 Vi — » 2 v ' 

This integration may be simplified by the observation that the vector 
dg is not only independent of the direction of the planoid which cuts 
the boundary of the elementary tube in the surface dS, as has already 
been shown in general, but is also in this case independent of the 
position of the planoid, for dg/dS varies as \/R 2 and dS varies as R 2 . 
The integral therefore is the same for any planoid whatsoever, and we 
may therefore choose for simplicity a planoid perpendicular to the 
locus ds, and cutting the hypercone in a spherical surface of unit 
radius, that is R = l t = 1. Substituting the value of a from (111) 
gives, since v = and 1 = .R(w— n), 

f^dS = ds f<= 2 (nxc) 2 (w — n)dw, 

where du> is a solid angle at the center of the sphere subtended by dS. 
The vector C, normal to w, is then along some diameter of the sphere; 
and n is directed from the various points of the surface toward the 
center. For diametrically opposite points the terms (cxn) 2 n cancel. 
We need only integrate the terms (cxn) 2 w. If the diameter deter- 
mined by c be taken as polar axis, these terms may be expressed as 
c 2 sin 2 w; and the element of surface is sin 6 dd d<p. The integral is 
therefore 

rf g = i^eWwrf*. (118) 



/' 



This integral should be the vector of extended momentum for all 
the energy emitted by the electron between the two points considered, 
and its projections on any chosen time and space should be the corre- 
sponding energy and momentum. If the ki axis is chosen parallel to 
ds, that is if the electron is considered momentarily at rest, we obtain 
a simple expression; for then w = k.j, c 2 = V-V, and ds = dt. The 
momentum altogether is zero, and the energy is 

ye 2 (v-v)<ft. (H9) 

When some other k4 axis is chosen, such that the electron is assumed 
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to have the velocity v, the expression becomes more complicated. 
Since W = (v + \u)l Vl — « 2 and ds = Vl — v 2 dt, we have from (45), 



I 



d « = T (rib) 8 [i ' * ~ (vxV) * (vx * )] (v + k4) dL (120) 



The two parts of this expression are precisely in the form obtained 
by Heaviside and Abraham 48 for the momentum and energy radiated 
from an accelerated electron. 

53. When a singular vector field such as dg/dS is distributed 
continuously over a hypercone and is of such a character that its 
magnitude falls off along any element inversely as the square of the 
interval of that element measured from the apex (that is, inversely 
as it 2 ), or in other words, if it is of such character that the integral 
of the vector over the surface of intersection of the hypercone with 
any three dimensional spread is constant, then we may call such a field 
a simple radiation field. (In three dimensional space the magnitude 
would fall off inversely with R, and in two dimensional space would 
be constant.) The fact that the integral of dg/dS over the inter- 
section of the hypercone with any two parallel planoids is constant 
may be regarded as equivalent to the law of conservation of radiant 
energy. 

While the discussion which we have given of the vector dg is in 
complete accord with current theories of electromagnetic energy, there 
is another singular 1-vector which is suggested by the geometry and 
which may be of importance in case it is necessary to revise our ideas 
of radiant energy. This vector also gives a simple radiation field, 
in the sense just defined, and is likewise of the second order in M'; 
but unlike the vectors dg and dg/dS it is continuously distributed 
over a four dimensional field. This is the vector 49 (wM')'M' = b. 
The vector b is along the element of tangency 1 by § 39. Indeed if 
we take M' from (93) we have 

2 2 

b= (wM')«M' = ^[c.c— (n-c) 2 ](w — n) = -^ (cxn) 2 1. (121) 

48 Abraham, Theorie der Elektrizitat, 2, 116. 

49 To obtain a vector, of the second degree in M', out of M' itself is out of 
the question: for the only two products of the secnd deg-ee in M' which are 
geometrically significant, namely M'«M' and M'xM', both vanish, since M' is 
singular and uniplanar. The vector b involves not only M', the field of the 
electron, but also w which expresses the state of motion of the electron itself. 
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If a k 4 axis has been chosen, b may be obtained in terms of e', or of 
e' and h'. For instance with M' taken from (108), 

. / v + k* l«xe' + Z 4 k 4 xe'\ l«xe' -f- Z 4 k 4 xe' 

D = 



\ Vl — v 2 li ' h 

When we perform the reductions, remembering that l 8 -e' = 0, we 
find simply 

"=vrb('-x)(i:+4. . (122) 



If we use M' in the form M' = E' -f- H', we find 

1 



50 



b = [e'xh' + ve'e' + v«h'h' — A' 2 v + (e' 2 — v-e'xh')k 4 ], 

v l - «* (123) 



where e'xh' has been used to denote the 1-vector (e'xh')«ki23, which 
is the three dimensional complement of the 2-vector e'xh'. Another 
equivalent form is 

b = * 4 ~ l8 ' T (eW + e' 2 k 4 ). (124) 

Vl — vHt 



The coefficient (h — Ij'tO/^'I — v 2 is unity when v is negligible 
compared with the velocity of light, and therefore in all such cases b 
is the sum of two vectors one of which is the Poynting vector and the 
other along ki equal in magnitude to the density of energy. Since 
the vector b comes so near to being the extended vector of energy 
density, the possibility is suggested that the energy of an electro- 
magnetic field may not depend solely upon the field itself but to some 

50 For rapid calculation a rule for obtaining the three dimensional form of 
some products is useful. The most important of these rules is that if 

A = a-ki23 — bxk 4 and c = c s + c 4 k4, 

where a, b are three dimensional vectors, then 

c« A = c 8 xa + db + (c s «b) k4. 
Thus we have here 

b = (w^M') «M' = [(v + k 4 ) • (h'-km - e'xk 4 )]- (h'-km - e'xfc) 

VI — v 2 

[vxh' + e' + (v«e')k4]«(h'.ki2s - e'xk 4 ) 




; [vxh'xh'+e'xh'+(ve')e'+(vxh'«e'+e'»e')k 4 ], 
Vl — v 1 



which is identical with the form given. 



WILSON AND LEWIS. — RELATIVITY. 483 

extent upon the velocity of the emitting electron. It is interesting 
further to note that by the application of rules already given we may 
evaluate O*^ an d show that it vanishes. Hence 

O-b=V-b, + | 4 =0, (125) 

where b s is the vector which we have just shown to be approximately 
equal to the Poynting vector, and h is approximately equal to the 
density of energy. This equation is therefore entirely analogous 
to the familiar theorem of Poynting. If we integrate over a three- 
dimensional volume, 

If] X7 'hsdxidxzdxs = — — I I I bidxydxzdxz, 
or 

Jfb m dS = - | J J Jhdx^x.dx,. (126) 

Thus the induction of b s through any closed surface is equal to the 
rate of loss of 64 in the enclosed volume. 51 

If in the vector field b we cut the hypercone by any planoid, it 
will be evident that the integral of bdS over the surface of intersection 
will be independent of the position and direction of the planoid; for 
the surface dS always lies in a tangent plane and b varies inversely as 
R 2 and hence as dS. The vector bdS bears a simple relation to dg 
which we have studied. For dg = (dQ*'M')-M', where dQ is deter- 
mined by any planoid. We may therefore choose dQ perpendicular 
to ds, that is, to .w. Then dS* is wrf© and d® = dSds, and since b by 
definition is (wM')'M', the integral of dg is the product of ds and 
the integral of bdS. We might therefore by a consideration of b 
alone have obtained the same vector of extended momentum for the 
total energy emitted by an electron in the interval da. 

We shall not pursue further the study of this interesting vector b, 
but it may be well to point out that the two fields M' and b cannot 
both be additive. For since b is quadratic in M', we obtain a differ- 

51 In general if a 1-vector field in four dimensions is of such a character 
that its four-dimensional divergence vanishes, we may obtain in three dimen- 
sions an equation of the type just found, wherein the surface integral over a 
closed surface of the space component of the vector is equal to the negative 
time derivative of the integral of the time-component of the vector over the 
enclosed volume. Such an equation may be interpreted as a continuity or 
conservation equation whenever the space component appears as a velocity 
multiplied by the quantity defined by the time-component. 
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ent result when we obtain b from a resultant M (no longer necessarily 
a singular vector) and when we add the b's obtained from the original 
M"s. All the classic ideas of electromagnetic energy assume that 
it is the vectors M that are additive at a point. 

The Field of Continuous Distributions of Electricity. 

54. Since the locus of an electric charge is not a singular line, we 
may regard the charge as distributed continuously over a given region 
or regions rather than as concentrated at one or more discrete points. 
Thus instead of a single vector representing the locus of an electron, 
we may consider a vector field. Let a small (5)-tube be parallel to 
and comprise n electron-loci each of charge e. Then we may replace 
these on the one hand by a single vector new, and on the other hand 
by a vector field q such that, if rf© is the volume of any portion of the 
tube cut off by a planoid perpendicular to W, 



/ 



qrf© = new. 

Or if d S is the vector volume cut off by any planoid whatever, then as 
in § 45, 

/ (WSxq)*w = Mew. (127) 

If now we write 

q = PoW, (128) 



Po evidently represents the density of electricity as it appears to an 
observer stationary with respect to the charge. To an observer with 
respect to whom the charge appears to be moving with the velocity v 
the density appears to be different. For we may write (127) in the 
form 



/- 



(d5*«q) w; 



and if d% is the volume cut off by the planoid perpendicular to the 
chosen time-axis k4, d%* = dSki; then writing 



w= (v+k 4 )/Vl-»2, 
we have 

PoW 



/ 



Vl — v 1 



rf© = new. (129) 
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If then p is the density of the moving charge, we must write 

Po 



Vl — t? 
When we compare the two vectors 



(130) 



eW = 



(v + k 4 ) and p w = p (v + k 4 ) 



Vl — 1,2 

with the two vectors which we have obtained for a material system 



moW = m (v + k 4 ) and p. w = 



Mo 



Vl _«2 



(v + k 4 ) 



we see that they are identical in mathematical form. But the com- 
ponents of ew are not quantities which are commonly used in physics, 
while the components of poW are 
the density of electricity and of 
electric current. On the other 
hand the components of moW are 
the fundamental quantities known 
as mass and momentum, while the 
components of ,uoW are not com- 
monly used. This is probably due 
to the fact that the fundamental 
conservation law for electricity is 
S« = const., whereas the funda- 
mental conservation law for mass 
is not Smo = const., but 2m = 
const. 

55. We may now construct the 
potential at a point due to a con- 
tinuous distribution of electricity, 
directly from (91) and (127). 




Figure 28. 



m = J (ofgxq)* ~ 



(131) 



The interpretation of this equation will be evident from an examination 
of a diagram which is an immediate extension of the one previously 
used in discussing potentials. And we may then show that, when a 
particular space and time have been assumed, the components of the 
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vector m on the chosen space and time are the ordinary "retarded" 
potentials. 

If (Figure 28) 52 we draw the backward hypercone from the point at 
which the potential m is to be determined, and if this backward hyper- 
cone cuts an elementary tube of the field q in the vector volume dS, 
then R is the perpendicular interval from the point in question to W 
or w produced (where w is the direction of q at the point where the 
tube cuts the cone). That part of the additive potential vector m 
which is due to this particular tube is 



dm = (rfSxq)* 



dS*-q 



(132) 



Evidently the integration of dm is to be taken over the whole three 
dimensional spread produced by the intersection of the backward 
hypercone with the whole assemblage of infinitesimal tubes. 




Figure 29. 



Now if (Figure 29) we construct any planoid through the point in 
question, the retarded potentials are calculated as follows. This 
planoid, which we may regard as our space, is divided into elements 
of volume d©' (corresponding to dS' in the figure). We consider the 



52 Figure 28 and Figure 29 are drawn and lettered for one dimension lower. 
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values [p] and [pv] of the density and the current density which were 
in the element d<&' at a time previous by the length of time required 
for light to pass from dJB' to the point in question. From the four 
dimensional point of view this means that we project the element d<5' 
parallel to the time-axis upon the hypercone, and take as [p] and [pv] 
the projections on time and space of the vector q at this point of the 
hypercone. We then form the integrals 

J^W and J^W, (133) 

where r is the distance from d&' to the point at which the potential 
is wanted. 

Let us now consider the element dm of our potential. The vector 
dS (corresponding to dS of the figure), being cut out of the hyper- 
cone, is a singular 3-vector, and its complement rfS* is therefore a 
singular 1-vector. Hence d<&' is numerically the projection of rfS* 
upon ki, and it is readily seen that 

dS» = .l 

d®' h 
Substituting in (132), 

But l'W = — R by (80) and^is equal to l„ that is, to the r in (133). 
Hence 

m - J M±Mfc? dg. (134) 

If we designate the vector and scalar potentials as a and 4> respec- 
tively, then 

m = a + 4>ki. (135) 

We may show as before 53 that 

<>m=0 or Va + ^=0. (136) 

We have seen (§ 44) that O 'O P = 0, or <0 2 P = 0, and consequently 
<^> 2 m = in the case of a point electron for all points not upon the 

53 A single differentiation under the sign of integration is permissible if p„ 
remains finite; but a second differentiation is not permissible, as is well 
known in the theory of the potential. 
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locus of the electron. In the case of a continuous distribution of 
electricity we have 54 

<> 2 m = - 4rq, (137) 

which might be proved directly; but this is unnecessary since it has 
frequently been shown by familiar methods that 

<> 2 a = — 4nv>v and <0> 2 tf> = — 4tt/>. (138) 

Furthermore it is unnecessary to evaluate once more in detail the 
2-vector 

M = <>xm. = Vxa + (v<2> + ^W (139) 

For Vxa is the three dimensional complement of what is ordinarily 
known as curl a or h, and Vtf> + a = — e. Hence 

M = H + *E, 

where the components of H and E are once more the components of 
magnetic and electric force. 

56. Whether the 2-vector M of extended electric and magnetic 
force be derived from a number of point charges or from a charge 
continuously distributed, it is in general a complex or biplanar 2-vec- 
tor. 55 The two invariants of M are M-M and M-M* = (MxM)*. 
If, after choosing space and time axes, we write 

M = ftik 23 + h 2 ksi + h 3 k. n — eik M — e^u — eskw, ,..„-. 
M* = eik 23 + e2k 3 i + e 3 ki 2 + hkn + kJa 2i + h&u, 

54 The vector 4 ^q which we use is identical with the vector q used by Lewis, 
owing to a different choice of units of electrical quantity. 

55 Since it is customary to divide a complex 2-vector into the two completely 
perpendicular uniplanar vectors which are uniquely determined, one being a. 
^-vector, the other a (s)-vector, we might expect that the two lines of inter- 
section of the (a)-plane with the hypercone, and their projections upon a 
chosen space, might prove important. This is, however, not the case, although 
indeed from an analytic point of view the four directions, two of them imagi- 
nary, in which the hypercone is cut by the completely perpendicular (s)- 
vector and (-y)-vector form a set of four independent directions possessing 
some advantages over the system ki, fc, ks, k». In fact four vectors ji, j>, 
jt, j« can be selected along these directions such that 

jl'jl=J2'J2=J8 , J3=J4'J4=0, jl'J2=J3*J4 = l| 

jl*jl = jl , J4 = jfj» = jj , J4 = 0. 

In terms of such a set of vectors the differential of arc is given by the equation 

di'dr = dx* + dy* + dz 2 — dfi = Adudv + Bdwds. 
(See Bateman, Proc. Lond. Math. Soc. [2] 10, 107). 

Other vectors which might be thought important would be the two lines. 
in which the completely perpendicular planes cut the planoid which is taken 
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then M« M = h? — e 2 = 2L, where L is known as the Lagrangian func- 
tion, and M'M* = 2e«h. It is not surprising that the Lagrangian 
function should prove to be one of the fundamental invariants, but 
it is strange that the other invariant should be a quantity which has 
not been regarded as of fundamental importance in electromagnetic 
theory. 
Since we have obtained our 2-vector from the equation 

M = O xm > 

we may readily evaluate 0xM and <0> • M. By (51) as a mathematical 
identity we have 

OxM = O x C> x m = 0. (141) 

By (55) 

O-M = O-(Om) = <0(O-m) - (0-0)m; 

and since we have seen that in general <)> • m = 0, and substituting 
f or <y *O m or C >2ia from the preceding section, 56 we find 

0-M]= 4xq. (142) 

By (52) as a mathematical identity, 

O'CO'M) = 0. (143) 

By the expansion of these equations we obtain directly the familiar 
equations of the electromagnetic field and the continuity equation 

as space. Following the method of § 38 we may write M as the sum of its 
two completely perpendicular parts in the form 

= , (V(M.M) 2 + (M.M*) 2 '+M»M)M + (M.M*)M* 

V^^F+WM*)" 2 

1 (V(M.M) 2 + (M.M*) 2 - M-M)M - (M.M*)M * 

~ r 2 V(M.M) 2 + (M-M*)" 2 ' 

Now the lines in which these two completely perpendicular planes cut the space 
km may be found by multiplying the planes by k 4 by inner multiplication. 
As k,-M = e and kcM* = — h, we have for the lines 



i 



(V2> 2 + (e-h) 2 +L)e - (e-h)h , (Vl, 2 + (e-h) 2 - Z,)e + (e»h)h | 

VL 2 + (e-h) 2 ' 2 VL 2 + (e.h) 2 

These vectors, however, like those mentioned above, are not found to be im- 
portant in electromagnetic theory. 
56 cf. equation (85). 
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expressing the conservation of electricity. We may write (141) in the 
form <0>*M* = 0. Expressing M* as in (140), this equation becomes 

dh 



Similarly from (142) 



Vxe + - = 0, 
V«h = 0. 



de 



Vxh — — = 4xpv, I 
V*e = 4fl-p. > 

These are the well known field equations. Finally (143) gives the 
continuity equation 

V-(pv) + | = 0. 

It cannot be too strongly emphasized that all these equations follow 
from the theorems of our four dimensional geometry without any 
further assumption than that the geometrical vector potential field 
derived from the locus of an electric charge is the extended electro- 
magnetic vector potential. 

57. We have seen that the singular 2-vector field M' produced 
by an accelerated electron determines a vector dg of four dimensional 
significance involving quantities which may be identified with energy 
and momentum in the radiation field. A search for similar vectors 
due to the field M, which in general is not singular, proves, however, 
to be unsuccessful. In the case of radiation we wrote 

dg= (dS*'M')'M\ 

or since it is readily shown (see footnote, § 62) that in this case 
(d S* • M') • M' = (rfS* • M'*) • M'* we could have obtained a more sym- 
metrical form 

dg = i[ (dS* • M') • M' + WS* • M'*) • M'*] . (144) 

In the case of the vector M we may write by analogy 

\ [(rfS* • M) • M + (d%* • M*) • M*], (145) 

where dQ is the vector volume produced by intersecting a selected 
portion of the four dimensional field by a planoid. However, this 
cannot be made to give rise to a real vector in a four dimensional 
sense, but will only have meaning for the particular planoid chosen. 
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If we choose a particular kj axis and its perpendicular planoid, then 
<fS* = d© ki and the above expression becomes 

|[(k4-M)-M + (k4-M*).M*]rf@. (146) 

We may perform the operations here indicated upon the expanded 
form (140) of M and obtain 57 

[exh + § (e 2 + A 2 ) kj'd®. (147) 

Now exh, the complement in three dimensional space of exh, and 
|(e 2 + h?) are the familiar expressions for the Poynting vector and the 
density of electromagnetic energy, and the above expression therefore 
represents what is ordinarily regarded as the total electromagnetic 
momentum and energy in the volume c?S. 

Now after the axes have been chosen we may perform similar 
operations with ki, k2, k3. Thus 

I (kj-M).M + \ (k,-M*)-M* = XJki. + XJk* + X z k 3 - X,k 4 , 
\ (k 2 .M)-M + \ (k 2 -M*)-M* = Y& + Yyk 2 + Y z k 3 - F ( k 4 , 
i (kt-M)*M + i (k 3 -M*)-M* = Z x k x + Z s k 2 + Z z k 3 - Zfa, 
f (k 4 -M)-M + i(k4'M*).M* = f.k, + T s k 2 + T z k 3 + Tfo, 

where 

X x = | {ei - ei - ei + hi - hi - hi), 

Y y =i (ei - ei - ei + tf- hi - hi), 
Z z =\ (ei - ei - ei + hi - hi - hi), 
ft = i (ei + ei + ei + hi + hi + hi), 
X v = Y x — eie 2 + hh, etc., 
T x = Xt = eJh — ejh, etc. 

In these equations X x , etc., are the familiar expressions for the 
components of the Maxwell strains; T x , T y , T z are the components 
of the Poynting vector; and T t is that which is ordinarily assumed 
to be the density of electromagnetic energy. This procedure is 
essentially that of Minkowski. We may reproduce his procedure 
exactly with the aid of dyadics. It may readily be shown (see appen- 
dix, § 62) that if M is any 2-vector, and I the unit dyadic or idemfactor, 
then the dyadics 

$ = (I-M).(I-M) $* = (I-M*).(I-M*) 

57 For abbreviated methods see a footnote in 8 53. 
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are such that 

a .f» = (a.M)-M a-$* = (a.M*).M*, 

where a is any 1-vector. The expressions which we obtained from JVC 
and ki, k2, . . . in the form 

|(ki.M)-M + |(ki-M*).M*, etc. 

might therefore equally well have been written 

^k l .($ + **), etc. 

It is these latter expressions which Minkowski obtained. The dyadic 
I ($ + $*) is identical with Minkowski's matrix S, except in as far 
as he used imaginary space, and distinguished between electric force 
and displacement and between magnetic force and induction. 58 

While, as we see, the use of the dyadic J ($ + $*) yields no results 
which are not also obtainable by the methods of simple vector analysis, 
yet to one who is familiar with the dyadic method it frequently affords 
a considerable gain in simplicity. Thus for example we may obtain 
an important result by considering the expression §<0"($ + <£*), 
which may be shown to vanish in free space. 59 Now, if Mr, be the- 
three dimensional dyadic of the Maxwell strains, if exh is the Poynting; 
vector, and if T t is the density of energy, we have 

= i<>. (<*> + $*) = O- (** — <*hk 4 — k,exh — IzfaTt), (148) 

or 

V«*. — ~ (e*h) = and V~e^h +~T, = 0. (149> 
dt at 

The first is the important equation of Lorentz connecting the force- 

58 The form of the dyadic M> = I (# + **) is 

XzkjE! + X„k!k 2 + XJkfc - Xfcki 
+ FJfck! + F„k 2 k 2 + yek 2 k 3 - F ( k 2 k 4 
+ Zxkfc + Zj,ksk 2 + Z,k3k 3 - Z ( k 3 k 4 
- TJuki - Tj,k4k 2 - r 2 k4k 3 - r ( k 4 k 4 . 

59 From (158), with A = M, A' = M, and from (141) and (142), since ilk 
free space q = 0. Where there is electricity the equation would be 

!<>•¥ = 47rq^M. 
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due to the Maxwell strains and the rate of change of the Poynting 
vector; the second is Poynting's theorem. 60 

Mechanics of a Material System, and Gravitation. 

58. The mechanics of a particle which we have treated in restricted 
cases in § 21 and § 36 can now be completely generalized. If m is 
the mass of a particle, and w the unit tangent to its locus, then 

m w = m (v + k 4 ) 

is the vector of extended momentum, whose projections on any chosen 
space and time are my, the momentum, and m, the mass or energy. 
If we consider any number of such vectors, we may state the laws of 
conservation of momentum, mass and energy in a single theorem as 
follows. The sum of all the vectors of extended momentum is constant, 
that is, the sum of all such vectors cutting any unclosed and continu- 
ous three dimensional (7)-spread is independent of the (7)-spread 
chosen. This law is, however, true only when we state that wherever 
there is energy there is a vector of extended momentum, whether 
or not this energy is associated with that which is ordinarily known as 
a material system. Thus in § 51 we have discussed the vector dg 
which we have identified with the vector of extended momentum of 
radiant electromagnetic energy. A Hohlraum obeys all the laws of 
a material system, and must be treated as such. We shall mention 
presently another form of radiant energy to which also we must assign 
an extended momentum. 

Just as the discrete locus of an electric charge was replaced by a 
continuously distributed field of density vectors, we might regard a 
material system as a continuum. Thus if we have a small (5)-tube 
parallel to and comprising one or more (5)-lines of which the resultant 
vector is moW.we may replace this vector by the expression (rfSx lUo w)*w, 
where d% is the intersection of the tube with any planoid, and /i w 
is the vector of the distributed field. If dS> is taken perpendicular 
to w, this reduces to n vrd<&, and therefore /*o is the density as it appears 
to an observer at rest with respect to the system. It must, however, 



60 In ease there is electricity present, these equations become respectively 
V«* s - ^iS = 4 Tp (e + v^h), V-eS + ~ T t = - 4, P y.e. 

Note that if v is small, the second equation is corrected by the small term 
— 4,r/>V«e, whereas the first has the large correction 4j- p (e + vxh), approxi- 
mately 4jrpe. 
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be borne in mind that when the system in question embraces any 
energy which is moving with the velocity of light, this method fails 
completely. And this is an essential difference between a system of 
electric charges and a system of matter or energy. Indeed a consid- 
eration of the properties of a Hohlraum shows that it may be unsafe 
in any case to assume that a material system is not composed wholly 
or in part of energy moving with the velocity of light. 

59. In the study of hydrodynamics cases are considered in which 
the different portions of the fluid exert forces upon one another, and 
these forces may be themselves due to a flow of energy with the 
velocity of light. In fact it is only when we consider a fluid devoid of 
such mutual forces that we are able to obtain from our continuously 
distributed field and the law of extended momentum the known equa- 
tion of hydrodynamics. Let us consider a continuously distributed 
field divided into infinitesimal tubes in each of which the extended 
momentum is now written as (c?S x Mo' w )* w - Then our conservation 
law leads to the equation 



I 



(dS><Mow)*w = const. (150) 

Or if we consider a portion of the field composed of a number of 
adjoining tubes and cut off by two different planoids, then since none 
of the vectors of extended momentum cut the boundary tube the 
integral of our vector over the whole three dimensional boundary of 
this four dimensional region is merely the integral over the two planoids 
namely, 

— / (rfS*'juow)w = = — / d5*-(jUoww), 

by definition of the dyadic /xoww. Now by the application of (65) 
we may convert this triple integral into a quadruple integral. Thus 

JVs-Uww) = JWo-Uww) = 0. 

Hence 

O-(w>ww) = 0. (151) 



If now we set W = (v + k 4 )/Vl — v 2 and m=Mo/(1 — » 2 ) by (88), 
this gives by expansion 61 

O-Im (v + k 4 ) (v + k 4 )] = [<>•/* (v + k 4 )]'(v + k 4 ) 
+[M(v+k 4 ).Q](v + k 4 ) = 0, 

61 If ab is a dyadic, evidently <>• (ab) = (0*a)b + (a»<>)b- 
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or 

[v-(mv) + |Q(v + k 4 ) + /«[(▼• V)v+ ~] = 0, 

Hence the space and time components both vanish, and 

V-(mv) + ^=0, (152) 

(v-V)v+^=0. (153) 

at 

The first of these two is the continuity equation, the second is the 
dynamical equation of hydrodynamics in the present restricted case. 62 
The fact that we are thus led not to the general laws of hydrodynamics 
but merely to the laws for a comparatively trivial case shows the 
inadequacy of any attempt to distribute the vectors of extended mo- 
mentum into a continuous field. 

Minkowski added to his great memoir on the " Grundgleichungen 
fur die electromagnetischen Vorgange " an appendix on mechanics 
which seems to have been more hastily written. In this section he 
bases his analysis upon two assumptions which must be considered 
as fundamentally erroneous. The first of these is that fi = (iq/ Vl — v 2 ; 
and the second that 2 Too is a constant. 63 The results should be that 
M = Mo/ (1 — * 2 ) and that 2 to is a constant. We have already dis- 
cussed (§ 23) cases in which Too is not a constant. 

60. Every locus of a particle to which belongs the vector m yr 
gives rise to the geometric vector fields 

mop = moVf/R and TOoP = TOoO x P- 

By replacing the constant e by the constant to we might proceed 
to reproduce identically all of the formulas which we have obtained 
for the electromagnetic field. If a suitable unit of mass be cho- 
sen, we should then observe that in case axes are so taken that the 
particle appears at rest, the space vector TO P*ki becomes identical 

62 It may well be that the introduction of additional terms sufficient to give 
(153) a form as general as that ordinarily used in hydrodynamics would not 
require serious- modifications in (152). For in ordinary units the pressure of 
light is measured by the density of electromagnetic energy, whereas the mass 
of the light is its energy divided by the square of the velocity of light. Com- 
pare also the fact that the changes in the equations (149) when electricity is 
present is small in one case and large in the other. 

63 The second of these errors has already been pointed out by Abraham, 
Rend. Circ. Mat. di Palermo, 30, 45. 
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in form with gravitational force, and the time component of TOoP 
with gravitational potential. When the particle is not at rest it is 
evident that just as in electromagnetics we must add to the scalar 
potential a vector potential, and to the (corrected) gravitational force 
another force which by analogy we may call gravito-magnetic. In 
every other respect, moreover, the two problems must be completely 
analogous. Thus an accelerated particle must give rise to a singular 
vector field which we should expect to be associated with the flow of 
a new form of radiant energy. 64 

Appendix. 

Dyadics. 

61. The dyad or formal product of vectors, introduced in 1844 
by Grassmann under the name of open product, was given a funda- 
mental position in vector analysis by Gibbs. Gibbs also developed 
the idea of the dyadic, or sum of dyads, as the most general type of 
linear vector operator. The dyadic is useful not only in the treat- 
ment of the linear vector transformations or strains, but also as a 
mere formal product (or sum of products) which can later be converted 
into such determinate products as the outer and inner products of our 
analysis. We shall outline very briefly the form taken by the theory 
of dyadics in the vector analysis which we employed. 65 

If a, b, C, . . . are 1-vectors, then the product expressed by the mere 
juxtaposition of a and b, namely, ab is called a dyad. The sum of 
two or more such dyads is called a dyadic, and any such dyadic in 
an n- dimensional space can be reduced to the sum of n dyads. As 
the dyad is in part defined by the assumption of the distributive law, 
every dyadic in four dimensional space may be expressed as a block 
of sixteen terms analogous to a matrix. Such an expansion is of great 

64 It should, however, be noted that there is nothing in electromagnetics 
corresponding to the vector of extended momentum of energy moving with 
the velocity of light. It is, furthermore, to be noted that while the radiation 
fields produced by the acceleration of two electrons, whether of the same or 
opposite sign, due to their interaction, are cumulative, that produced by the 
acceleration of two material particles, due to their gravitational attraction, 
must tend to compensate one another. (Cf. the pap3r of D. L. Webster, 
These Proceedings, 47, 569, 1912.) 

65 For further developments we refer to Gibbs's work as set forth in his 
Scientific Papers, 2, in the Gibbs-Wilson text on Vector Analysis, and in 
Wilson's "On the theory of double products and strains in hyperspace," Trans. 
Conn. Acad., 14, 1. 
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•convenience when the individual vectors are expressed in terms of 
coordinate vectors. Thus, 

&nkiki + ai 2 kik 2 + ai 3 kiks -f ai 4 kik 4 
+ 02ik 2 ki + 022k 2 k2 + a 23 k 2 k 3 + awkikt 
+ a 3 ik 3 ki + a 32 k 3 k 2 + a^k^ + a^fci 
+ a4ik4ki + «4 2 k4k 2 + a4 3 kik 2 + a44k 4 k 4 . 

The product of a vector a and a dyad be is expressed and defined 
as 

a«bc = a* (be) = (a»b)c, 

It is a 1-vector along c. Similarly ab-c = (ab)-c = a(b«c). The 
product of a vector into any dyadic follows from the distributive law. 
The product of two dyads is expressed and defined as follows. 

ab-cd = (ab)-(cd) = a(b-c)d = (b-c)ad. 

It is another dyad. The product of two dyadics then follows from the 
distributive law, and is therefore a dyadic. 

Since the dyad product is obtained without implying any relation 
between the sixteen units k^, it is the most general product and com- 
prises within itself the more special products which we have desig- 
nated as the inner and outer products and which we may obtain from 
it by inserting the special sign of multiplication corresponding to these 
products, thus giving respectively a scalar or a 2-vector. Hence 
from any dyadic a scalar or a 2-vector may be obtained by converting 
«ach dyad into an inner or outer product. This method was employed 
in computing 0> • p and C> X P m § 43 and § 44. 

A dyadic is said to selfconjugate when for all the coefficients 
■Ofj = aji, and anti-selfconjugate when for all the coefficients a^ = — a ;i . 
The latter can have no terms in the main diagonal, and therefore 
has but six degrees of freedom, whereas the selfconjugate dyadic has 
ten. 66 Except for sign the anti-selfconjugate dyadic not only deter- 
mines, but conversely is determined by, a 2-vector of the form 

ai 2 ki 2 + ai 3 ki 3 + a M ki 4 + a2 3 k 2 3 + e^fcu + a 3 4k 3 4, 

where an, ■ ■ ■ are the coefficients of kik 2 , ... in the expanded form of 
the dyadic. This 2-vector is one half the 2-veetor obtained by insert- 
ing the sign of outer multiplication in the dyads constituting the dya- 
dic. 

66 Any dyadic may be written as the sum of two dyadics one of which is 
selfconjugate, the other anti-selfconjugate. 
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If 4> is any dyadic, then we have seen that a»$ is another 1-vector. 
In general a*$ is not equal to <J>-a. If, however, <f> is self conjugate, 
a«<£ = $«a; and if $ is anti-selfconjugate a-$ = — $*a. Hence it 
may readily be shown that an anti-selfconjugate dyadic turns a vector 
into a perpendicular vector. 

The dyadic which turns a vector into itself is called the idemfactor I. 
Thus 

a»I = I«a = a; (154) 

for I is selfconjugate, and when expanded in terms of chosen coordi- 
nate vectors is, 87 in the non-Euclidean geometry which we are dis- 
cussing, 

I = kik! + k 2 k 2 + k 3 k 3 — k 4 k 4 . 

62. We could now proceed to develop the theory of dyadics in- 
volving vectors of any dimensionalities and their products with each 
other and with vectors of various dimensionalities. In general 
if a, /?, y are vectors of any dimensionalities the dyad fty may be defined 
in terms of our inner product by the equation a.' (fly) = (a'0)y. This 
product is itself a dyad unless a, /? are of the same dimensionality. 
Such a discussion, however, would carry us further than is necessary 
for our present purpose, and we shall therefore consider chiefly one 
case, which has acquired particular importance through the work of 
Minkowski. 

If r is any 1-vector, and A any 2-vector, then the product 

r'=r-A 

is a linear vector function of r. It is evident therefore that this 
multiplication by A is equivalent to a multiplication by some dyadic 
$2. Let us find the relation between this dyadic Q and A. 

If <£ is any dyadic (made up of 1-vectors), we may define the prod- 
ucts $*A and A*$ by first defining the products, 



(ab)-A= a(b-A), 



A-(ab) = (A-a)b, 



67 As a matrix the idemfactor would be written 
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instead of 
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and the laws of multiplication of matrices would be modified. It is possible, 
however, to keep the ordinary theory of matrices by the introduction of 
imaginaries, as Minkowski does. 



(155) 
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and then applying the distributive law. The products A "J? and $>A 
are therefore themselves dyadics of the same type as $. If in place of 
$ we use the idemfaetor I, then it is easily shown that 

I-A(= -A-I) 

is the anti-selfconjugate dyadic which is determined by the 2-vector A. 

ft = I' A = — ^4i2kik 2 — ^i3kjk 3 — Aukiiu 

+ ^4i2k 2 ki — ^23k 2 k3 — ^24k 2 k4 

+ ^i 3 k 3 ki + ^23k 3 k 2 — ^^ksk, 

-f- Jufciki + ^kfe + ^34k4k 3 

If we denote by ft x the 2-vector obtained by inserting the cross in the 
dyads of 12, we have ft x = (I* A) x = — 2 A. 

It is this relation between 2-vectors and linear vector functions or 
dyadics which enables Minkowski to replace a 2-vector by an anti- 
selfconjugate (or alternating) matrix and vice versa. 

If ft and ft' are the two dyadics obtained from the two 2-vectors 
A and A', we may form the product 0-0'. (This is the product fF of 
Minkowski). We can then write 

(r-A)-A' = (r-ft)-ft' = r-(ft-fi'). (156) 

We employed (§57) the selfconjugate dyadic ft«ft = (I-A)«(I'A), 
and another dyadic § (ft* ft + ft* 'ft*), where ft* was defined as 
ft* = I «A*. This dyadic corresponds to the matrix S of Min- 
kowski, 68 and may be regarded as the dyadic representing stress in 
four dimensional space. 

68 The expression (r«A)«A' may be transformed by (38). 

(r.A).A' = - r(A.A') + A«(rxA'). 

As A« (rxA') is a 1-vector, the complement of its complement is itself, by (26). 
By rules (30) and (24) 

[A-(rxA')l** = [Ax(rxA')*]* = [(r«A'*)xA]* = (r-A'*)«A*. 

Hence we obtain the important relation 

(r.A).A' = -r(A.A')+ (r.A'*)'A*. 

By introducing dyadics and canceling the vector r, we have 

.(I. A). (I. A') = - (A.A)I + (I. A'*). (I- A*). 
If we set 

* = |[(I.A).(I.A') + (LA'*). (LA*)], 
we may write 

(I. A). (I- A') fe * - |(A.A')I, (I. A'*). (I. A*) = * + *(A.A')I. 

The dyadic * is precisely the matrix S of Minkowski. 
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The transformation r' = r- A, where A is a uniplanar 2-vector, can 
be regarded geometrically as an annihilation of that part of r which 
is perpendicular to A, and a replacing of the component of r in A by a 
perpendicular vector magnified in the ratio of A to 1 . The transforma- 
tion r' = (r • A) • A therefore annihilates components perpendicular to A, 
and reverses components in A, multiplying them further by A-A. 
Hence if A is a (y)-plane, the transformation in that plane is rotation 
through a straight angle combined with a stretch as A 2 :l; whereas 
if A is a (5)-plane, the transformation is one of stretching only, as 
A* A is negative. 

In case A is biplanar we may resolve it into its two completely 
perpendicular parts, A = B + 0, where B is a (y)-vector and C 
a (S)-vector. Then the equation 

r' = (r-A)-A = (r-B)-B + (r-C)-C 

holds by virtue of the fact that r-B is perpendicular to C, and r-C 
perpendicular to B. Hence the transformation r' = (r- A)- A consists 
of rotation through a straight angle and stretching in the ratio B 2 :l 
for components along B, and of stretching alone in the ratio C 2 :l 
for components along C. 

The transformation r' = (r • A) • A + ( r • A*) -A* is now readily seen 
to be a stretching of components along B or C in the ratio (B 2 + C 2 ) : 1 
combined with a reversal of the direction of the components along B. 
If this transformation were repeated, the result would be to stretch 
all vectors in space in the ratio {B 2 + C 2 ) 2 : 1 . But 

(B 2 + C 2 ) 2 = (B 2 — C 2 ) 2 + 4B 2 C 2 = (A-A) 2 + (A-A*) 2 . 

Hence the square of . §(0-0 + Q*-Q*) is } [(A-A) 2 + (A-A*) 2 ] I, 
a multiple of the idemfactor. This is the geometric interpretation 
of a result obtained analytically by Minkowski. 

63. From the definition (48) of the differentiating operator <0, 

dt = rfr-Ot 

it follows that the expression <^>f, where f is a 1-vector, is a dyadic. 
This definition may frequently be applied directly and with ease to 
determining the dyadic Of, and renders unnecessary the expansion 
of <^>f in terms of its components. For if the value of dt for four 
independent displacements dx can be found, the dyadic is thereby 
completely determined, and in some cases can immediately be written 
down by inspection. This was the method pursued in § 44. The 
dyadic itself, however, was not then desired except for the purpose 
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of deriving the scalar <£>'t and the 2-vector <0> x f, which are functions 
of it. 

By means of the same defining equation the operator <^> may be 
applied to 2-vector functions of position. The result 0V is then a 
dyadic in which the first vectors of the dyads are 1 -vectors and the 
second vectors 2-vectors. If written out in terms of the coordinate 
unit vectors, such a dyadic would consist of twenty-four terms, each 
of the type k;k#, j ?£ k. By inserting the dot or cross, the 1 -vector 
<^«P and the 3-vector <C>*F are immediately found. In case the 2- 
vector F is given as a product fxg of two 1 -vectors, the dyadic 0>F 
may be obtained directly by means of the rules of differentiation in 
terms of the dyadics <£>f and <(>g. For 

<fr.<>F = dF = d (fxg) = dtxg + dtxdg = fxg — dg*t, 
dr-<>F = dr-Otxg — <Zr-<>gxf, 

OF = C>fxgr-Oexf. 

It was such analysis which was used in § 44. It illustrates strikingly 
the great advantage of the symbol <0> over such symbols as Div, Rot, 
Grad, and ®it>. 

If SF is a dyadic function of position, the equation dr '()><& = cNf 
may be used to define C'Sf', which is a triadic, that is, a sum of formal 
products of which each contains three vectors juxtaposed without 
any sign of multiplication. By interposing a dot between the first 
two of the three vectors in the triads, we find the 1-vector O^SF. The 
expression ^'^ corresponds to what Minkowski calls lorSf', where ^ 
is for him a matrix. 

We may compute the expression <$& in the case where 

* = J[(I.A).(I-A') + (I- A'*)- (I- A*)]. (157) 

First we write 
rfr-O [(I- A). (I- A')] = d[(I-A).(I.A')] 

= [d(I.A)].(I.A') + (I.A).d(I.A'). 

The second term may be transformed so that the differential comes to 
the front. For by the equation found in the previous footnote, 

(I- A) • (I-dA') = - A-rfA'I + (I-rfA'*) • (I- A*). 
Hence 

d[(I.A).(I-A')] = - (dA-I).(I.A') - (dA'*.I).(I-A*) -rfA'-AI. 

Now 

(rfA-I).(I-A') = dA.(M.A') = dA-(I-A'). 
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Hence 

<Zr.<>[(I.A).(I.A')] 

= (rfr.OA)-(I-A') - (rfr.<>A'*)-(I-A*) -*-<>A'-AL 

Hence finally 

20* = -OA-(I-A') -OA'*-(I-A*) -<>A'-AI 

-OA'*-(I-A*) -OA-(I-A') + <>A-A'I. 

If the expression O*^ is desired, care must be exercised to insert the 
dot between the first two vectors of each triad. Hence 69 

2<>* = 2(OA)-A' + 2«>-A'*)-A*-<C>A'-A + OA-A', 

O-* = (O'A)-A' + (<>-A'*).A* + i(OA-A' -OA'-A). (158) 

Some Projective Geometry, and Trigonometry. 

64. We may discuss very briefly the relations between our non- 
Euclidean measure of angle and the projective measure as determined 

by logarithms of cross-ratios. Let 
us consider Figure 30 first as a 
Euclidean and second as a non- 
Euclidean diagram. The two fixed 
lines a, /? are drawn so that they 
are perpendicular from the Eu- 
clidean point of view. The initial 
line from which angles are meas- 
ured is taken as the bisector of 
one of the right angles; this line 
and its perpendicular through the 
origin will be taken as axes of x 
and y. The pseudo-circle appears 
as a rectangular hyperbola with 
the equation x 2 — y 2 = 1. The angle between the initial line and any 
radius in the pseudo-circle in Euclidean measure will be called 6, and 
tan© = y/x. Now in non-Euclidean measure, if this angle be called 
<t>, we have seen that tanh <j> = y/x. Hence we have the relation 

tan 9 = tanh </>. 

69 The form <0>A«(I-A') may be written as a sum of triads of the type 
aA'(ef) or a(A»e)f. Now by (35), a»(A-e) = — (a'A)-e. Hence the in- 
sertion of a dot in O A • (I • A') gives — «^> • A) • (I • A') or — «^> • A) • A'. In 
the form ^A'A'I, the dot goes between <^> and I, since A«A' is a scalar. 
But as I is the idemfactor, we have simply ^>A« A' as the result. 




Figure 30. 
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The cross-ratio formed by the four lines, x, r, a, is 

_ sin Z (/?, r) sin Z (x, a) 
sin Z (r, a) sin Z (/?, z)' 

where the angles are measured in Euclidean fashion. Hence 
Sm U + d ) 1 + tanfl 1 + tanhtf> 



. /x .\ 1 — tan 6 1 — tanh </> 

sin -r — 



Or 



4 



(j> = ?IogX. 



Hence the non-Euclidean angle is measured by one-half the log- 
arithm of the cross-ratio of four rays. Although the Euclidean 
point of view has been adopted for simplicity, the final result, depend- 
ing as it does only on the cross-ratio, is projective; it is therefore 
independent of the particular assumptions that the rays a and /? are 
perpendicular and that the initial line bisects the angle between them. 

Consider next a ray r' such that in the Euclidean sense 

Z (a, r') = Z (r, a). , 

(In the non-Euclidean sense r and / are perpendicular). In forming 
the cross-ratio it is evident that X' = — X. Hence for the non-Eucli- 
dean angle <t>' between x and r' ; 

4>' = JlogX' = Jlog(— X) = $ + |log(- 1). 
Hence 

<)>' — (j> =■= iiri. 

The angle <t>' — 4>, that is, the angle between two lines perpendicular in 
the non-Euclidean sense is therefore =f= iiri. This result also is projec- 
tive and independent of our special assumptions. It is only natural 
that the angle between two lines in different classes should appear as a 
complex number, owing to the fact that it is impossible to rotate 
one line into the other. 

In setting up a projective measure of angle by means of cross-ratios, 
it is customary among mathematicians to define the angle as 

* = 2V=! logX ' 
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where the logarithm of the cross-ratio is divided by 2% instead of by 2 
as above. The choice of the divisor 2i is due to the desire to have 
the angle real when the fixed lines are conjugate imaginary lines and 
to have the total angle about a point equal to 2ir as in Euclidean 
geometry; this is not, however, in any way suggested by projective 
geometry. In our non-Euclidean geometry, where we have taken a 
different set of postulates for rotation, the real divisor 2 is more natural. 
We have seen that from the point of view of the postulates of trans- 
lation or the parallel transformation our geometry and the ordinary 
Euclidean geometry fall into one class, while such geometries as the 
Lobatchewskian and the Riemannian belong to another class. With 
respect to the postulates of rotation, however, the Euclidean and most 
of the non-Euclidean geometries which have been studied lie in one 
class, to which our geometry does not belong. The methods of pro- 
jective geometry are applicable to all these classes. 

If the ray r is perpendicular to the rays r' and r", the latter two being 
in the same line but oppositely directed, it is evident that we must 
choose arbitrarily the sign of the angle ± \iri between r and /; but 
we shall assume that if the sign of the angle rr' has been determined 
the sign of the angle rr" will be the same. Thus the angle r'r" is 
zero. This means that a pair of intersecting lines determine but one 
angle except for sign; thus any angle is identical, except for sign, with 
its supplement. 

The angle from a line to a second line and the angle from the first 
line to the perpendicular to the second will be called complementary. 
The complement of a real angle is a complex angle, and vice versa. 

65. Hitherto we have chosen to avoid the use of the term distance, 
and have used the word interval to represent a positive number 
expressing the measure of length. If r is a line drawn from the origin, 
the interval of r has been defined as ^x 2 — y 2 or Vj/ 2 — x 2 according 
as x is greater than y or y greater than x. This was done to avoid 
altogether the use of imaginaries. We might, however, have defined 
distance as 



J ± Vrfr> _ dy\ 



where x is, for example, measured along a (7) -line, y along a perpendic- 
ular (S)-line. Then every (Y)-line would have a real, and every (5)- 
line an imaginary distance. In this case it would be convenient to 
consider the distance along any vector AB as the negative of the 
distance along BA. The distance along any singular line is zero. 
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The preceding ideas can be used to give new definitions of the inner 
and outer products of two vectors. Namely, 

a-b = distance of a times distance of b times cosh Z (a, b), 
axb = distance of a times distance of b times sinh Z (a, b), 

it being understood that the latter quantity is not a scalar but a pseudo- 
scalar. If a and b are vectors of the same class the angles are real, 
and the equations are essentially identical with those which have been 
previously derived. If a and b are (S)-vectors the distances are purely 
imaginary and the product a«b is negative if the vectors issue into the 
same "quadrant." If a and b are of different classes, and the angle 
between them complex, we may use in place of these complex angles 
their complementary real angles by the aid of the familiar formulas 

cosh (0 + firi) = isiah<t>, sinh(<£ + !«) = icosh<f>. 

Massachusetts Institute op Technology, 
Boston, Mass., May, 1912. 
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1 -vectors, lower case Clarendons, a, b, C,...; 

their magnitudes, corresponding Italic, a, b, c,...; 

their components (algebraic magnitudes), a lt az, a%, a t , etc.; 

their (vector) space components, as, bs, C«,.... 

ki, k 2 , ka, unit coordinate space vectors; 

ki, unit coordinate time vector. 
2-vectors, Clarendon capitals, A, B, C, ; 

their magnitudes, corresponding Italic, A, B, C,...; 

their components, An, At*,..., Am', etc.; 

kij, k23,..., k34, unit coordinate 2-vectors. 
3-vectors, Tudor black capitals, H, J&, G,...; 

their magnitudes, corresponding German, 81, 93, 6,...; 

their components, A2M,--, Am; 

k 23 4,..., kj23, unit coordinate 3-vectors (the last, "space")- 
unit pseudo-scalar, ki2M. 
sign of the outer product, small cross, x. 
sign of the inner product, heavy dot, • . 
sign of the complement, asterisk, a*, A*,.... 
three-dimensional differentiating operator, del, V. 
four-dimensional differentiating operator, quad, 'O. 
dyadics, Greek capitals, *,... (idemf actor, I). 
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Special Symbols (non-vectorial). 

a, 0, singular lines (§ 9). 

y, spacial lines; s, temporal lines (§ 9, 37). 

«, electric charge (§ 48). 

ix, material density (§ 45) ; *» 0) density under no relative motion. 

p, electric density (§ 54) ; p„, density under no relative motion. 

v, electric scalar potential (§ 48). 

m, mass; mo, mass under no relative motion. 

t, time (also Xi). 

u, v, velocities. 

x, y, z, space coordinates (also xi, Xi, xi). 

I, idemfactor. 

L, Lagrangian function (§ 56). 

R, a perpendicular interval (§ 43). 
Special Symbols (vectorial). 

a, (three-dimensional) ordinary vector potential (§ 48). 

b, a special four-dimensional "radiation field" (§ 53). 
C, extended curvature (§ 22, 35). 

e, (three-dimensional) electric force (§ 49, 50). 

f , (three-dimensional) mechanical force (§ 35). 

g, as in dg, special vector of extended momentum (§ 47). 
h, (three-dimensional) magnetic force (§ 49, 50). 

1, extended light-vector, sin gular r ay (§ 43). 

m, extended (four-dimensional) vector potential (§ 48, 55). 

n, unit normal to (s)-curve (§ 43). 

p, geometric potential vector (§ 43). 

q, vector of extended electric current density (§ 54). 

r, four-dimensional radius vector. 

S, as in ds, vector element of arc. 

V, (three-dimensional) velocity (§ 43). 

w, unit tangent to (s) -curve. 

E, electric 2-vector (§49). 

H, magnetic 2-vector (§ 49). 

M, electromagnetic 2-vector (§ 48). 

P, geometric 2-vector field (§ 43). 

S, as in dS, element of (two-dimensional) surface. 

S, as in d&, element of three-dimensional volume. 

s, as in ds, element of four-dimensional volume. 
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